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Abstract
We consider the rheonomic construction of N=2 and N=4 supersymmetric gauge theories in two-
dimensions, coupled to matter multiplets. In full analogy with the N=2 case studied by Witten,
we show that also in the N=4 case one can introduce Fayet-Iliopoulos terms for each of the abelian
factors of the gauge group. The three-parameters of the N=4 Fayet-Iliopoulos term have the meaning
of momentum-map levels in a HyperKa¨hler quotient construction just as the single parameter of the
N=2 Fayet-Iliopoulos term has the meaning of momentum map level in a Ka¨hler quotient construction.
Differently from the N=2 case, however, the N=4 has a single phase corresponding to an effective σ-
model. The Landau-Ginzburg phase possible in the N=2 case seems to be deleted in those N=2
theories that have an enhanced N=4 supersymmetry. The main application of our N=4 model is to an
effective Lagrangian construction of a σ-model on ALE-manifolds or other gravitational instantons.
We discuss in detail the topological twists of these theories (A and B models) emphasizing the role
of R-symmetries and clarifying some subtleties, not yet discussed in the literature, related with the
redefinition of the ghost number and the identification of the topological systems after twisting. In
the A-twist, we show that one obtains a topological matter system (of the topological σ-model type)
coupled to a topological gauge theory. In the B-twist, instead, we show that the theory describes a
topological matter system (of the topological Landau-Ginzburg type) coupled to an ordinary (non-
topological) gauge-theory: in addition one has a massive topological vector, which decouples from
the other fields. Applying our results to the case of ALE-manifolds we indicate how one can use the
topologically twisted theories to study the Ka¨hler class and complex structure deformations of these
gravitational instantons.
Our results are also preparatory for a study of matter coupled topological 2D-gravity as the twist
of matter coupled N=2, D=2 supergravity.
1Research supported in part by MURST and by the EEC under the SCIENCE project contract named
”Gauge Theories, Applied Supersymmetry and Quantum Gravity”
1 Introduction
In this paper, we make a detailed comparison of two-dimensional N=2 and N=4 supersymmetric
gauge theories coupled to matter multiplets, discussing their phase-structure and their relation
both with the geometrical constructions known as Ka¨hler or HyperKa¨hler quotients and with
two-dimensional topological field-theories [1]. Our interest in the subject was motivated by a
recent paper by Witten [2], who analyzed the N=2 case and showed how, by means of such a
gauge theory, one can interpolate between an N=2 Landau-Ginzburg model [3] and an N=2
σ-model on a compact Calabi-Yau manifold. This interpolation has important implications for
the understanding of the corresponding topological versions of the two N=2 theories and for
the structure of the N=2 superconformal model that emerges at their critical point.
We wanted to investigate the same problem in the N=4 case, having in particular in mind the
N=4 σ-model on those HyperKa¨hler manifolds that can be obtained as HyperKa¨hler quotients
of flat-manifolds. This situation was naturally suggested by our previous investigation [4] of the
N=4 superconformal field theories associated with four-dimensional gravitational instantons, in
particular the ALE manifolds [5]. Specifically a natural question that arose in connection with
these spaces was the following: what is the Landau-Ginzburg phase for a σ-model on such
non-compact HyperKa¨hler manifolds that can be described as affine algebraic varieties in CN ,
rather than projective algebraic varieties in CPN ?. The answer that we found is that there
is no Landau-Ginzburg phase: indeed the N=4 theories are special instances of N=2 theories
with such a superpotential that it admits only one type of extremum: the σ-model phase. The
would-be Landau-Ginzburg phase disappears.
To obtain these results and make our detailed comparison between the general N=2 case
and that which actually corresponds to an enhanced N=4 supersymmetry, we considered the
formulation of the N=2 and N=4 theories in the set-up of the rheonomy framework [6]. This
laborious technical work, presented in the central sections of our paper, had an additional
motivation, besides that of providing a unified framework for the N=4 and N=2 cases. This is
our intention to study the coupling of matter systems to N=2 2D-supergravity and use this as a
starting point for an approach to topological matter-coupled 2D gravity based on a systematic
use of the topological twist, in complete analogy with the results previously obtained in the D=4
case [7]. Indeed, once a rigid supersymmetric theory is recast into the rheonomy framework,
its coupling to supergravity is already almost achieved, since, by construction, the rheonomic
action already contains all the couplings of the matter fields to the bare vielbein and gravitino
fields. Just the possible couplings to the gravitino-curl and to the bosonic curvature are missing
and they can be easily retrieved in a second step.
In the present paper, we shall present the rheonomic curvature parametrizations and the
rheonomic action for both the N=2 and the N=4 gauge theories coupled to chiral Wess-Zumino
multiplets or hypermultiplets (in the N=4 case). In addition to our study of the phase structure,
we shall present a careful analysis of the R-symmetries and a critical discussion of the formal
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structure for the A and B topological twists [8]. This discussion clarifies, along the same lines of
thought followed by us in the D=4 case [7] some points that were, in our opinion, not completly
clear in the existing literature. It also provides the basis for the study of the topological twists
in the gravitational case which is postponed to a future publication.
To get into the heart of our topic we begin with a review of the HyperKa¨hler quotient
construction.
DEFINITION of HyperKa¨hler manifolds
On a HyperKa¨hler manifold M, which is necessarily 4n-dimensional, there exist three co-
variantly constant complex structures J i : TM→ TM, i = 1, 2, 3, Bthe metric is hermitean
with respect to all of them and they satisfy the quaternionic algebra: J iJ j = −δij + εijkJ k.
In a vierbein basis {V A}, hermiticity of the metric is equivalent to the statement that
the matrices J iAB are antisymmetric. By covariant constancy, the three HyperKa¨hler two-
forms Ωi = J iABV A ∧ V B are closed: dΩi = 0. In the four-dimensional case, because of
the quaternionic algebra constraint, the J iAB can be either selfdual or antiselfdual; if we take
them to be antiselfdual: J iAB = −12ǫABCDJ iCD, then the integrability condition for the covariant
constancy of J i forces the curvature two-form RAB to be selfdual: thus, in the four-dimensional
case, HyperKa¨hler manifolds are particular instances of gravitational instantons.
A HyperKa¨hler manifold is a Ka¨hler manifold with respect to each of its complex structures.
Consider a compact Lie group G acting on a HyperKa¨hler manifold S of real dimension 4n
by means of Killing vector fields X that are holomorphic with respect to the three complex
structures of S; then these vector fields preserve also the HyperKa¨hler forms:
LXg = 0↔∇(µXν) = 0
LXJ i = 0 , i = 1, 2, 3
}
⇒ 0 = LXΩi = iXdΩi + d(iXΩi) = d(iXΩi) . (1)
Here LX and iX denote respectively the Lie derivative along the vector field X and the
contraction (of forms) with it.
If S is simply connected, d(iXΩi) = 0 implies the existence of three functions DXi such that
dDXi = iXΩi. The functions DXi are defined up to a constant, which can be arranged so to
make them equivariant: XDYi = D[X,Y]i .
The {DXi } constitute then a momentum map. This can be regarded as a map D : S →
R
3 ⊗ G∗, where G∗ denotes the dual of the Lie algebra G of the group G. Indeed let x ∈ G
be the Lie algebra element corresponding to the Killing vector X; then, for a given m ∈ S,
Di(m) : x 7−→ DXi (m) ∈ C is a linear functional on G. In practice, expanding X = Xaka in a
basis of Killing vectors ka such that [ka,kb] = fabckc, where fabc are the structure constants of
G, we also have DXi = XaDai , i = 1, 2, 3; the {Dai } are the components of the momentum map.
The HyperKa¨hler quotient [9] is a procedure that provides a way to construct from S a
lower-dimensional HyperKa¨hler manifoldM, as follows. Let Z∗ ⊂ G∗ be the dual of the centre
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of G. For each ζ ∈ R3 ⊗ Z∗ the level set of the momentum map
N ≡⋂
i
D−1i (ζ i) ⊂ S, (2)
which has dimension dimN = dimS − 3 dimG, is invariant under the action of G, due to the
equivariance of D. It is thus possible to take the quotient
M = N /G.
M is a smooth manifold of dimension dimM = dimS − 4 dimG as long as the action of G on
N has no fixed points. The three two-forms ωi on M, defined via the restriction to N ⊂ S
of the Ωi and the quotient projection from N to M, are closed and satisfy the quaternionic
algebra thus providing M with a HyperKa¨hler structure.
For future use, it is important to note that, once J 3 is chosen as the preferred complex
structure, the momentum maps D± = D1 ± iD2 are holomorphic (resp. antiholomorphic)
functions.
The standard use of the HyperKa¨hler quotient is that of obtaining non trivial HyperKa¨hler man-
ifolds starting from a flat 4n real-dimensional manifold R4n acted on by a suitable group G
generating triholomorphic isometries [9, 10]. For instance this is the way it was utilized by
Kronheimer [11] in its exhaustive construction of all self-dual asymptotically locally Euclidean
four-spaces (ALE manifolds). We reviewed this construction in the already quoted discussion
of the N=4 conformal field theories describing string propagation on gravitational instantons
[4]. Indeed the manifold R4n can be given a quaternionic structure, and the corresponding
quaternionic notation is sometimes convenient. For n = 1 one has the flat quaternionic space
H
def
= (R4, {J i}) . We represent its elements
q ∈ H = x+ iy + jz + kt = x0 + xiJ i, x, y, z, t ∈ R
realizing the quaternionic structures J i by means of Pauli matrices: J i = i (σi)
T
. Thus
q =
(
u iv∗
iv u∗
)
−→ q† =
(
u∗ −iv∗
−iv u
)
(3)
where u = x0+ix3 and v = x1+ix2. The euclidean metric on R4 is retrieved as dq†⊗dq = ds21.
The HyperKa¨hler forms are grouped into a quaternionic two-form
Θ = dq† ∧ dq def= ΩiJ i =
(
iΩ3 iΩ+
iΩ− −iΩ3
)
. (4)
For generic n, we have the space Hn, of elements
q =
(
uA ivA
∗
ivA uA
∗
)
−→ q† =
(
uA
∗ −ivA∗
−ivA uA
)
uA, vA ∈ Cn
A = 1, . . . n
(5)
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Thus dq†⊗dq = ds21 gives ds2 = duA∗⊗duA+dvA∗⊗dvA and the HyperKa¨hler forms are grouped
into the obvious generalization of the quaternionic two-form in eq.(4): Θ =
∑n
A=1 dq
A† ∧ dqA =
ΩiJ i, leading to Ω3 = 2i∂∂¯K where the Ka¨hler potential K is K = 1
2
(
uA
∗
uA + vA
∗
vA
)
, and to
Ω+ = 2iduA ∧ dvA, Ω− = (Ω+)∗.
Let (Ta)
A
B be the antihermitean generators of a compact Lie group G in its n× n represen-
tation. A triholomorphic action of G on Hn is realized by the Killing vectors of components
Xa =
(
Tˆa
)A
B
qB
∂
∂qA
+ qB†
(
Tˆa
)B
A
∂
∂qA†
;
(
Tˆa
)A
B
=
(
(Ta)
A
B 0
0 (T ∗a )
A
B
)
. (6)
Indeed one has LXΘ = 0. The corresponding components of the momentum map are:
Da = qA†
(
(Ta)
A
B 0
0 (T ∗a )
A
B
)
qB +
(
c b¯
b −ic
)
(7)
where c ∈ R, b ∈ C are constants.
As we have already anticipated the geometrical HyperKa¨hler quotient construction is inti-
mately related with N=2 supersymmetry in four-dimensions or with N=4 supersymmetry in
two-dimensions. The relation occurs through the auxiliary-field structure of the N=2 vector
multiplet in D=4 or of the N=4 vector multiplet in D=2. In both cases, in addition to the
physical fields, the vector multiplet contains a triplet of auxuliary scalars, specifically a real
scalar P = P∗ and a complex scalar Q 6= Q∗. When the vector multiplet is utilized to gauge
an isometry of an N=2 σ-model in D=4 or of an N=4 σ-model in D=2, the auxiliary fields
{P,Q} are identified with the momentum-map functions {D3 (m) , D± (m) } of the σ-model
target-space S. Indeed, in both cases,M4 −→ S orM2 −→ S, the condition for the σ-model
to possess either N=2 or N=4 supersymmetry is that the target space S be endowed with a
HyperKa¨hler structure.
In view of this fundamental property, the HyperKa¨hler quotient offers a natural way to
construct an N=2, D=4 or N=4, D=2 σ-model on a non-trivial manifold M starting from a
free σ-model on a trivial flat-manifold S = Hn. It suffices to gauge appropriate triholomorphic
isometries by means of non-propagating gauge multiplets. Omitting the kinetic term of these
gauge multiplets and performing the gaussian integration of the corresponding fields one realizes
the HyperKa¨hler quotient in a Lagrangian way. In the four-dimensional case, this fact was
fully exploited, long time ago by Hitchin, Ka¨rlhede, Lindstrom and Rocek [9], was further
discussed by Galicki [12] and was applied, in the context of string theory by Ferrara, Girardello,
Kounnas and Porrati [13]. Actually the HyperKa¨hler quotient is a generalization of a similar
Ka¨hler quotient procedure, where the momentum map D : S → R ⊗ G∗ consists just of one
hamiltonian function, rather than three. The Ka¨hler quotient is related with either N=1,D=4
or N=2,D=2 supersymmetry, the reason being that, in these cases the vector multiplet contains
just one real auxiliary field P.
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Recently, Witten has reconsidered the Ka¨hler quotient construction of an N=2 two-dimensional
σ-model in [2]. His point of view was that of regarding the Ka¨hler quotient as an effective low-
energy phenomenon rather than as a mere trick to implement the geometrical quotient con-
struction in a Lagrangian field-theory language. In other words he included the kinetic terms
of the vector multiplet and also a Fayet-Iliopoulos term for each of the abelian factors in the
gauge group; then he considered the whole system as a bona fide gauge-theory spontaneously
broken via an ordinary Higgs mechanism by the extrema of the scalar potential. Integrating
on the massive modes, that include the gauge vectors, the effective Lagrangian of the massless
modes turns out to be that of an N=2 σ-model on a Ka¨hler target manifold that is obtained
as a hypersurface in a Ka¨hler quotient. This, however, happens only in one phase, namely in a
certain range of the parameters contained by the superpotential. When the parameters are in
another range we fall in a Landau-Ginzburg phase, namely the low-energy effective theory of
the massless modes is a Landau-Ginzburg model with superpotential equal to the polynomial
constraint W(X) that defines the target-manifold as a hypersurface in the σ-model phase.
Following the same line of thought, after reconstructing Witten’s theory in a rheonomic
framework, we construct the N=4 analogue of this model. We introduce N=4 gauge multiplets
and the N=4 analogues of the Wess-Zumino multiplets, namely the quaternionic hypermulti-
plets. We show that an N=4 counterpart of the Fayet-Iliopoulos term does indeed exist and
involves three real parameters. After coupling to the hypermultiplets these parameters play the
role of triholomorphic momentum-map levels, in the same way as, in Witten’s case, the single
parameter introduced by the N=2 Fayet Iliopoulos term plays the role of momentum-map level
for the holomorphic isometry. What is different in the N=4 case is the absence of auxiliary
fields for the hypermultiplets. This implies that besides the interaction introduced by the gauge
coupling, no other arbitrary quaternionic superpotential can be introduced. This is the essential
reason why, at the end of the day we do not find any analogue of the Landau-Ginzburg phase.
It must be noted, however, that when we apply our construction to the ALE manifolds, the
Fayet-Iliopoulos parameters have a deep geometrical meaning: they are the the moduli of the
self-dual metric.
In the last part of the paper, after an analysis of the R-symmetries, that in the N=4 case
from U(1)L⊗U(1)R are promoted to U(2)L⊗U(2)R, we discuss the A and B topological twists,
clarifying, as we have already anticipated, some delicate formal aspects of the procedure. In
particular we discuss the subtleties related with the redefinition of the ghost number, which
has to be performed simultaneously with the redefinition of the spin.
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2 The N=2 and N=4 rheonomic set up for globally
supersymmetric field theories
The rheonomy approach to the construction of both locally and globally supersymmetric field-
theories is almost fifteen years old and it has been extensively applied to all supergravity models
in all space-time dimensions. A complete exposition of the method is contained in the book
[6]: we refer to it for the basic concepts and we just begin with the specific definitions and
conventions needed in our case.
The starting point for the whole construction is the definition of the curvatures of the (2,2)
and (4,4) extended 2D-superspace. We denote by e± the two components of the world-sheet
zweibein (in the flat case e+ = dz + θ − terms, e− = dz¯ + θ − terms), by ω the world-sheet
spin-connection 1-form (in the flat-case we can choose ω = 0) and by ζ± , ζ˜± the four fermionic
one-forms gauging the (2,2) supersymmetries, namely the 4 components of the 2 gravitinos. In
the flat case we have ζ± = dθ±, ζ˜± = dθ˜±). In the (4,4) case, in addition to ζ± , ζ˜±, we have
four other fermionic 1-forms χ± , χ˜±, that complete the eight components of the four gravitinos.
Furthermore, in the N=2 case there is a bosonic 1-form A• gauging the U(1) central charge,
while in the N=4 case, in addition to A•, we have two others bosonic 1-forms A± gauging the
other two central charges.
In terms of these 1-forms the superspace curvatures are:
de+ + ω ∧ e+ − i
2
ζ+ ∧ ζ− = T+
de− − ω ∧ e− − i
2
ζ˜+ ∧ ζ˜− = T−
dζ+ +
1
2
ω ∧ ζ+ = ρ+
dζ˜+ − 1
2
ω ∧ ζ˜+ = ρ˜+
dζ− +
1
2
ω ∧ ζ− = ρ−
dζ˜− − 1
2
ω ∧ ζ˜− = ρ˜−
dω = R
dA• − ζ− ∧ ζ˜+ + ζ˜+ ∧ ζ− = F • (8)
Flat superspace is described by the equations
T± = ρ± = ρ˜± = R = F • = 0 (9)
In the background of these flat superspace 1-forms we are supposed to solve the Bianchi iden-
tities for the matter fields, spanning the various matter multiplets and to construct the as-
sociated rheonomic actions. In this way we determine the SUSY rules and the world-sheet
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supersymmetric actions for all the theories under consideration. If we remove eq.s (9) and we
introduce a rheonomic parametrization for the curvatures (8) then we are dealing with N=2
2D-supergravity and the solution of Bianchi identities in this curved background constitutes
the coupling of matter to supergravity. This programme is left for a future publication: in this
paper we concentrate on the flat case.
For convenience we also recall the rule for complex conjugation. Let ψ1, ψ2 be two forms
of degree p1, p2 and statistics F1, F2 ( F = 0, 1 for bosons or fermions) so that ψ1ψ2 =
(−1)p1p2+F1F2 ψ2ψ1, then we have:
(ψ1 ψ2 )
∗ = (−1)F1F2 ψ∗1 ψ∗2 = (−1)p1p2ψ∗2 ψ∗1 (10)
Thus, for example, for the gravitinos we have:
( ζ+ ∧ ζ− )∗ = − ( ζ+ )∗ ∧ ( ζ− )∗ = − ζ− ∧ ζ+ = − ζ+ ∧ ζ− (11)
We proceed next to write the curvatures of the N=4 extended two-dimensional superspace,
namely:
de+ + ω ∧ e+ − i
2
ζ+ ∧ ζ− − i
2
χ+ ∧ χ− = T+
de− − ω ∧ e− − i
2
ζ˜+ ∧ ζ˜− − i
2
χ˜+ ∧ χ˜− = T−
dχ+ +
1
2
ω ∧ χ+ = τ+
dχ˜+ − 1
2
ω ∧ χ˜+ = τ˜+
dχ− +
1
2
ω ∧ χ− = τ−
dχ˜− − 1
2
ω ∧ χ˜− = τ˜−
dω = R
dζ+ +
1
2
ω ∧ ζ+ = ρ+
dζ˜+ − 1
2
ω ∧ ζ˜+ = ρ˜+
dζ− +
1
2
ω ∧ ζ− = ρ−
dζ˜− − 1
2
ω ∧ ζ˜− = ρ˜−
dA• − ζ− ∧ ζ˜+ + ζ˜+ ∧ ζ− + χ− ∧ χ˜+ − χ˜+ ∧ χ− = F •
dA+ − χ− ∧ ζ˜+ + χ˜+ ∧ ζ− = F+
dA− − ζ− ∧ χ˜+ + ζ˜+ ∧ χ− = F− (12)
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Also in this case flat superspace is described by
T± = ρ± = ρ˜± = R = F • = F± = 0 (13)
For both the N=2 and the N=4 case, the determination of the globally supersymmetric field
theories is done by solving the Bianchi identities of the matter fields in the background of the
flat superspace 1-forms and then by constructing the associated rheonomic actions. In this way,
for each matter multiplet we can determine the SUSY rules and the world-sheet supersymmetric
actions. The convention for complex conjugation is the same in the N=4 and in the N=2 case.
3 The N=2 abelian gauge multiplet
In this section we discuss the rheonomic construction of an N=2 abelian gauge theory in two-
dimensions. This study will provide a basis for our subsequent coupling of the N=2 gauge
multiplet to an N=2 Landau-Ginzburg system invariant under the action of one or several U(1)
gauge-groups or even of some non abelian gauge group G.
In the N=2 case a vector multiplet is composed of a gauge boson A, namely a world-sheet
1-form, two spin 1/2 gauginos, whose four components we denote by λ+,λ−, λ˜+,λ˜−, a complex
physical scalar M 6= M∗ and a real auxiliary scalar P∗ = P. Each of these fields is in the
adjoint representation of the gauge group G and carries an index of that representation that
we have not written.
In the abelian case, defining the field strength
F = dA (14)
the rheonomic parametrizations that solve the Bianchi identities:
dF = d2λ˜− = d2λ˜+ = d2λ+ = d2λ− = d2M = d2P = 0 (15)
are given by
F = F e+e− − i
2
(λ˜+ζ− + λ˜−ζ+) e− +
i
2
(λ+ζ˜− + λ−ζ˜+) e+ +M ζ−ζ˜+ −M∗ ζ+ζ˜−
dM = ∂+M e
+ + ∂−M e
− − 1
4
(λ−ζ+ − λ˜+ζ˜−)
dλ˜+ = ∂+λ˜
+ e+ + ∂−λ˜
+ e− + (
F
2
+ iP) ζ+ − 2i ∂−M ζ˜+
dλ˜− = ∂+λ˜
− e+ + ∂−λ˜
− e− + (
F
2
− iP) ζ− + 2i∂−M∗ζ˜−
dλ+ = ∂+λ
+ e+ + ∂−λ
+ e− + (
F
2
− iP) ζ˜+ − 2i ∂+M∗ ζ+
dλ− = ∂+λ
− e+ + ∂−λ
− e− + (
F
2
+ iP) ζ˜− + 2i ∂+M ζ−
dP = ∂+P e+ + ∂−P e− − 1
4
(∂+λ˜
+ζ− − ∂+λ˜−ζ+ − ∂−λ+ζ˜− + ∂−λ−ζ˜+) (16)
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Given these parametrizations, we next write the rheonomic action whose variation yields the
above parametrizations as field equations in superspace, together with the world-sheet equations
of motion.
L(rheon)gauge = F
[
F +
i
2
(
λ˜+ζ− + λ˜−ζ+
)
e− − i
2
(
λ+ζ˜+ + λ−ζ˜+
)
e+
−M ζ−ζ˜+ −M∗ ζ+ζ˜−
]
− 1
2
F2 e+e−
− 1
2
(λ˜+ dλ˜− + λ˜− dλ˜+) e− +
i
2
(λ+ dλ− + λ− dλ+) e+
− 4
[
dM∗ − 1
4
(λ+ζ− − λ˜−ζ˜+)
]
(M+e+ −M−e−)
− 4
[
dM +
1
4
(λ−ζ+ − λ˜+ζ˜−)
]
(M∗+e+ −M∗−e−) (17)
− 4(M∗
+
M− +M∗−M+) e+e− − dM(λ˜−ζ˜+ + λ+ζ−) + dM∗(λ˜+ζ˜− + λ−ζ+)
− 1
4
(λ˜+λ+ ζ−ζ˜− + λ˜−λ− ζ+ζ˜+) + 2P2 e+e− + 4i ∂U
∂M
(
F
2
+ iP e+e−
)
− 4i ∂U
∗
∂M∗
(
F
2
− iP e+e−
)
− i
(
∂2U
∂M2
λ˜+λ− +
∂2U∗
∂M∗2
λ˜−λ+
)
e+e−
+
(
∂U
∂M
+
∂U∗
∂M∗
)[
(λ˜+ζ− − λ˜−ζ+) e− + (λ+ζ˜− − λ−ζ˜+) e+
]
+ 2i
[
2U −M
(
∂U
∂M
− ∂U
∗
∂M∗
)]
ζ−ζ˜+ + 2i
[
2U∗ −M∗
(
∂U
∂M
− ∂U
∗
∂M∗
)]
ζ+ζ˜−
(18)
The symbol U denotes a holomorphic function U (M) of the physical scalar M that is named
the superpotential. It induces a self interaction of the scalar M field and an interaction of
this field with the gauge-vector. The existence of an arbitrariness in the choice of the vector
multiplet dynamics is a consequence of the existence of the auxiliary field P in the solution of
the Bianchi identities (15) and hence in the determination of the SUSY rules for this type of
N=2 multiplet. In the superspace formalism the inclusion in the action of the terms containing
the superpotential is effected by means of the use of the so called twisted chiral superfields. In
the rheonomic framework there is no need of these distinctions: we just have an interaction
codified by an arbitary holomorphic superpotential.
Note that in eq.s (16) and (18) we have suppressed the wedge product symbols for differ-
ential forms. This convention will be often adopted also in the sequel to avoid clumsiness.
From the rheonomic action (16) we easily obtain the world-sheet action of the N=2 globally
supersymmetric abelian vector multiplet, by deleting all the terms containing the gravitino
1-forms, replacing the first order fields F ,M± with their values following from their own field
equations, namely F = 1
2
(∂+A− − ∂−A+), M± = ∂±M , and by replacing e+ ∧ e− with d2z
9
that is factored out. In this way we get:
L(ws)gauge =
1
2
F2 − i (λ˜+∂+λ˜− + λ+∂−λ−)− 4(∂+M∗∂−M + ∂−M∗∂+M) + 2P2
+ 4i
∂U
∂M
(F
2
+ iP
)
− 4i ∂U
∗
∂M∗
(F
2
− iP
)
− i
(
∂2U
∂M2
λ˜+λ− +
∂2U∗
∂M2∗
λ˜−λ+
)
(19)
In the particular case of a linear superpotential
U = t
4
M , t ∈ C (20)
setting
t = r − iθ/2π , r ∈ R , θ ∈ [0, 2π] (21)
the above expression reduces to
Lws = 1
2
F2 − i (λ˜+∂+λ˜− + λ+∂−λ−)− 4(∂+M∗∂−M + ∂−M∗∂+M)
+ 2P2 − 2rP + θ
2π
F (22)
The meaning of the parameters r and θ introduced in the above lagrangian is clear. Indeed
r, giving a vacuum expectation value P = r
2
to the auxiliary field P induces a spontaneous
breaking of supersymmetry and shows that the choice U = − r
4
M corresponds to the insertion
of a Fayet-Iliopoulos term into the action. On the other hand the parameter θ is clearly a
theta-angle multiplying the first Chern class 1
2pi
F of the gauge connection.
4 N = 2 Landau Ginzburg models with an abelian
gauge symmetry
As stated above, our interest in the N=2 vector multiplet was instrumental to the study of
an N=2 Landau-Ginzburg system possesing in addition to its own self interaction a minimal
coupling to a gauge theory. This is the system studied by Witten in [2], using superspace
techniques, rather than the rheonomy framework. By definition a Landau Ginzburg system is a
collection of N=2 chiral multiplets self-interacting via an analytic superpotential W (X). Each
chiral multiplet is composed of a complex scalar field (X i)
∗
= X i
∗
( i = 1, ...., n), two spin 1/2
fermions, whose four components we denote by ψi, ψ˜i and ψi
∗
= (ψi)
∗
, ψ˜i
∗
=
(
ψ˜i
)∗
, together
with a complex auxiliary field Hi which is identified with the derivative of the holomorphic
superpotential W¯ (X), namely Hi = ηij∗∂j∗W ∗, ηij∗ being the flat Ka¨hlerian metric on the
complex manifold Cn of which the complex scalar fields X i are interpreted as the coordinates.
Using this system of fields, we could construct a rheonomic solution of the superspace Bianchi
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identities, a rheonomic action and a world-sheet action invariant under the supersymmetry
transformations induced by the rheonomic parametrizations. In this action the kinetic terms
are the canonical ones of a free field theory and the only interaction is that induced by the
superpotential. Rather than doing this we prefer to study the same system in presence of a
minimal coupling to the gauge system studied in the previous section. In practice this amounts
to solve the Bianchi identities for the gauge covariant derivatives rather than for the ordinary
derivatives, using as a background the rheonomic parametrizations of the gauge mulitiplet
determined above. At the end of the construction, by setting the gauge coupling constant to
zero, we can also recover the formulation of the ordinary Landau-Ginzburg theory, later referred
to as the rigid Landau-Ginzburg theory.
Indeed the coupling of the chiral multiplets to the gauge multiplet is defined through the
covariant derivative
∇X i def= dX i + iAqijXj (23)
where the hermitean matrix qij is the generator of the U(1) action on the chiral matter. As a
consequence, the Bianchi identities are of the form ∇2X i = i F qijXj.
Let W (X i) be the holomorphic the superpotential: then the rheonomic solution of the
Bianchi identities is given by the following parametrizations:
∇X i = ∇+X i e+ +∇−X i e− + ψiζ− + ψ˜iζ˜−
∇X i∗ = ∇+X i∗ e+ +∇−X i∗ e− − ψi∗ζ+ − ψ˜i∗ ζ˜+
∇ψi = ∇+ψi e+ +∇−ψi e− − i
2
∇+X i ζ+ + ηij∗∂j∗W ∗ ζ˜− + iMqijXj ζ˜+
∇ψi∗ = ∇+ψi∗ e+ +∇−ψi∗ e− + i
2
∇−X i∗ ζ− + ηji∗∂jW ζ˜+ − iM∗qjiXj
∗
ζ˜−
∇ψ˜i = ∇+ψ˜i e+ +∇−ψ˜i e− − i
2
∇−X i ζ˜+ − ηij∗∂j∗W ∗ ζ− − iM∗qijXj ζ+
∇ψ˜i∗ = ∇+ψ˜i∗ e+ +∇−ψ˜i∗ e− + i
2
∇+X i∗ ζ˜− − ηji∗∂jW ζ+ + iMqjiXj
∗
ζ− (24)
From the consistency of the above parametrizations with the Bianchi identities one also gets
the following fermionic world-sheet equations of motion:
i
2
∇−ψi − ηij∗∂l∗∂j∗W ∗ ψ˜l∗ + i
4
λ˜+qijX
j + iMqijψ˜
j = 0
i
2
∇+ψ˜i + ηij∗∂l∗∂j∗W ∗ ψl∗ − i
4
λ+qijX
j − iM∗qijψj = 0 (25)
and their complex conjugates for the other two fermions. Applying to eq.s (25) a supersymmetry
transformation, as it is determined by the parametrizations (24), we obtain the bosonic field
equation:
1
8
(∇+∇−X i +∇−∇+X i)− ηik∗∂k∗∂j∗∂l∗W ∗ ψj∗ψ˜l∗ + ηik∗∂k∗∂j∗W ∗ ηlj∗∂lW
− i
4
λ˜−qijψ
j +
i
4
λ−qijψ˜
j +M∗M(q2)ijX
j − 1
4
PqijXj = 0 (26)
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Equipped with this information, we can easily derive the rheonomic action from which the
parametrizations (24) and the field equations (25),(26) follow as variational equations: it is the
following one:
L(rheon)chiral = ηij∗
(
∇X i − ψiζ− − ψ˜iζ˜−
)(
Πj
∗
+
e+ − Πj∗
−
e−
)
+ ηij∗(∇Xj∗ − ψj∗ζ+ − ψ˜j∗ ζ˜+) (Πi+ e+ −Πi− e−
)
+ ηij∗(Π
i
+
Πj
∗
−
+Πi
−
Πj
∗
+
) e+e− − 4i ηij∗(ψi∇ψj∗ e+ − ψ˜i∇ψ˜j∗ e−)
+ 4i(ψk∂kW ζ˜
+e+ − c.c. )− 4i(ψ˜k∂kW ζ+e− − c.c. )
+ ηij∗(ψ
iψj
∗
ζ+ζ− − ψ˜iψ˜j∗ ζ˜+ζ˜− + c.c. )
+ 8
(
(∂i∂jWψ
iψ˜j + c.c. ) + ηij
∗
∂iW∂j∗W
∗
)
e+e−
− ηij∗(∇X iψj∗ ζ+ −∇X iψ˜j∗ ζ˜+ + c.c. )− (4Mψj∗ηij∗qikXk ζ˜+e+ + c.c. )
− (4M∗ψ˜j∗ηij∗qikXk ζ+e− + c.c. )−
(
8i(M∗ψ˜j
∗
ηij∗q
i
kψ
k − c.c. )
+ 2i(λ˜+ψj
∗
ηij∗q
i
kX
k − c.c. ) + 2i(λ+ψ˜j∗ηij∗qikXk − c.c. )
− 2Pηij∗ Xj∗qikXk + 8M∗M ηij∗Xj
∗
(q2)ikX
k
)
e+e− (27)
The world-sheet lagrangian for this system is now easily obtained through the same steps applied
in the previous case. To write it, we introduce the following semplifications in our notation: a)
we use a diagonal form for the flat Cn metric ηij∗X
iXj
∗ ≡ X iX i∗ , b) we diagonalise the U(1)
generator, by setting qij ≡ qiδij (qi being the charge of the field X i). Then we have:
L(ws)chiral = −(∇+X i
∗∇−X i +∇−X i∗∇+X i) + 4i(ψi∇−ψi∗ + ψ˜i∇+ψ˜i∗)
+ 8
(
(ψiψ˜j∂i∂jW + c.c. ) + ∂iW∂i∗W
∗
)
+ 2i
∑
i
qi(ψiλ˜−X i
∗ − ψ˜iλ−X i∗ − c.c. )
+ 8i
(
M∗
∑
i
qiψiψ˜i
∗ − c.c.
)
+ 8M∗M
∑
i
(qi)2X i
∗
X i − 2P∑
i
qiX i
∗
X i (28)
5 Structure of the scalar potential in the N=2 Landau-
Ginzburg model with an abelian gauge symmetry
We consider next the coupled system, whose lagrangian, with our conventions, is the difference
of the two lagrangians we have just described:
L = Lgauge − Lchiral (29)
the relative sign being fixed by the requirement of positivity of the energy. The world-
sheet form of the action (29) is the same, modulo trivial notation differences as the action
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(2.19)+(2.23)+(2.27) in Witten’s paper [2]. We focus our attention on the potential energy of
the bosonic fields: it is given by the following expression
−U = 2P2 − 4P
(
∂U
∂M
+
∂U∗
∂M∗
)
+ 2P∑
i
qi|X i|2
− 8∂iW∂i∗W ∗ − 8|M |2
∑
i
(qi)2|X i|2 (30)
The variation in the auxiliary field P yields the expression of P itself in terms of the physical
scalars:
P = ∂U
∂M
+
∂U∗
∂M∗
− 1
2
∑
i
qi|X i|2 (31)
In the above equation the expression DX (X,X∗) = ∑i qi|X i|2 is the momentum map function
for the holomorphic action of the gauge group on the matter multiplets. Indeed if we denote
by X = i
∑
i q
i
(
X i∂i −X i∗∂i∗
)
the killing vector and by Ω =
∑
i dX
i ∧ dX i∗, then we have
idDX = iXΩ. As anticipated the auxiliary field P is identified with the momentum-map
function, plus the term ∂U
∂M
+ ∂U
∗
∂M∗
due to the self interaction of the vector-multiplet. In the
case of the linear superpotential of eq.s (20) and (21), the auxiliary field is identified with:
P = −1
2
(DX(X,X∗)− r) (32)
Eliminating P through eq. (31) , we obtain the final form for the scalar field potential in this
kind of models, namely:
U = 2
[(
∂U
∂M
+
∂U∗
∂M∗
)
− 1
2
∑
i
qi|X i|2
]2
+ |∂iW |2 + 8|M |2
∑
i
(qi)2|X i|2 (33)
In the case of the linear superpotential this reduces to
U =
1
2
[
r −∑
i
qi|X i|2
]2
+ 8|∂iW |2 + 8|M |2
∑
i
(qi)2|X i|2 (34)
The theory characterized by the above scalar potential exhibits a two phase structure as the
parameter r varies on the right line. This is the essential point in Witten’s paper that allows an
interpolation between an N=2 σ-model on a Calabi-Yau manifold and a rigid Landau-Ginzburg
theory. The review of these two regimes is postponed to later sections. Here we note that the
above results can be generalized to the case of a non abelian vector-multiplet or to the case of
several abelian gauge multiplets.
6 Extension to the case where the gauge symmetry of
the N=2 Landau-Ginzburg model is non abelian
We fix our notations and conventions.
13
Consider a Lie algebra G with structure constants fabc:
[ta, tb] = ifabc tc (35)
in every representation the hermitean generators ta = (ta)† are normalized in such a way
that Tr (tatb) = δab. Let us name T a the generators of the adjoint representation, defined by
fabc = i(T a)bc.
Let us introduce the gauge vector field as a G-valued one-form:
A = AaµT adxµ (36)
In the case we are interested, the index µ takes two values and we can write A = Aa+e++Aa−e−.
Note that A† = A. The field strength is defined as the two-form
F = dA+ iA ∧ A (37)
The Bianchi Identities read
∇F def= dF + i(A∧ F − F ∧ A) = 0 (38)
The component expression of the field strength and of its associated Bianchi identity is:
F aµν = ∂[µAaν] −
1
2
fabcAbµAcν
∂[ρF
a
µν] − fabcAb[µF cρν] = 0 (39)
Note that the Bianchi identity for a fieldM = MaT a transforming in the adjoint representation
is:
∇2M = i[F,M ] (40)
The non-abelian analogue of the rheonomic parametrizations (16) is obtained in the following
way: first we write the G-valued parametrization of F :
F = F e+e− − i
2
(λ˜+ζ− + λ˜−ζ+) e− +
i
2
(λ+ζ˜+ + λ−ζ˜+) e+ +M ζ−ζ˜+ −M∗ ζ+ζ˜− (41)
In this way we have introduced the gauge scalars M = MaT a and the gauginos λ± = λ±aT
a,
λ˜± = λ˜±aT
a; their parametrizations are obtained by implementing the Bianchis for F , ∇F =
0. One must also take into account the Bianchi identies for these fields: ∇2M = i[F,M ]
and ∇2λ± = i[F, λ±] ( analogously for the tilded gauginos). The rheonomic parametrizations
fulfilling all these constraints turn out to be the following ones:
F = F e+e− − i
2
(λ˜+ζ− + λ˜−ζ+) e− +
i
2
(λ+ζ˜+ + λ−ζ˜+) e+ +M ζ−ζ˜+ −M∗ ζ+ζ˜−
∇M = ∇+M e+ +∇−M e− − 1
4
(λ−ζ+ − λ˜+ζ˜−)
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∇λ˜+ = ∇+λ˜+ e+ +∇−λ˜+ e− +
(F
2
− 2i[M †,M ] + iP
)
ζ+ − 2i∇−M ζ˜+
∇λ+ = ∇+λ+ e+ +∇−λ+ e− +
(F
2
− 2i[M †,M ]− iP
)
ζ˜+ − 2i∇+M † ζ+
∇P = ∇+P e+ +∇−P e− − 1
4
[(
∇+λ˜+ − 2[λ+,M ]
)
ζ− −
(
∇+λ˜− + 2[λ−,M †]
)
ζ+
−
(
∇−λ+ + 2[λ˜−,M †]
)
ζ˜− +
(
∇−λ− − 2[λ˜+,M ]
)
ζ˜+
]
(42)
We obtain the rheonomic action for the N=2 non-abelian gauge multiplet in two steps, setting:
L(rheon)non−abelian = L0 + ∆Lint (43)
where L0 is the free part of the Lagrangian whose associated equations of motion would set the
auxiliary fields to zero: P = PaT a = 0 The insertion of the interaction term ∆Lint corrects the
equation of motion of the auxiliary fields, depending on a holomorphic function U(M) of the
physical gauge scalars M b, just as in the abelian case. The form of L0 is given below, where
the trace is performed over the indices of the adjoint representation:
L = Tr
{
F
[
F +
i
2
(λ˜+ζ− + λ˜−ζ+) e− − i
2
(λ+ζ˜+ + λ−ζ˜+) e+ −M ζ−ζ˜+ +M † ζ+ζ˜−
]
− 1
2
F2 e+e− − i
2
(λ˜+∇λ˜− + λ˜−∇λ˜+) e− + i
2
(λ+∇λ− + λ−∇λ+) e+
− 4
[
∇M † − 1
4
(λ+ζ− − λ˜−ζ˜+)
]
(M+e+ −M−e−)
− 4
[
∇M + 1
4
(λ−ζ+ − λ˜+ζ˜−)
]
(M†
+
e+ −M†
−
e−)
− 4(M†
+
M− +M†−M+) e+e− −∇M(λ˜−ζ˜+ + λ+ζ−) +∇M †(λ˜+ζ˜− + λ−ζ+)
+2[M †,M ]
(
(λ+ ζ˜− − λ−ζ˜+)e+ − (λ˜+ζ− − λ˜−ζ+)e−
)
− 1
4
(λ˜+λ+ ζ−ζ˜− + λ˜−λ− ζ+ζ˜+) + 2P2 e+e−
}
(44)
As stated above, the variational equations associated with this action yield the rheonomic
parametrizations (42) for the particular value Pa = 0 of the auxiliary field. Furthermore they
also imply Pa = 0 as a field equation.
To determine the form of ∆Lint we suppose that in presence of this interaction the new field
equation of Pa yields
Pa = ∂U(M)
∂Ma
+
(
∂U(M)
∂Ma
)∗
=
∂U(M)
∂Ma
+
∂U∗(M∗)
∂M †a
. (45)
U is a holomorphic function of the scalars Ma that characterizes their self-interaction. Then
we can express ∇Pa through the chain rule: ∇Pa = ∂2U
∂Ma∂Mb
∇M b + ∂2U∗
∂M†
a
∂M†
b ∇M †b. Using
the rheonomic parametrizations (42) for ∇M b and comparing with the parametrization of ∇Pa
in the same eq.(42) we get the fermionic equations of motion that the complete interacting
lagrangian should imply as variational equations:
∇+λ˜+a − 2ifabc λ+b Mc = −
∂2U
∂M †a∂M †b
λ+b
∇−λ+a − 2ifabc λ˜+b M∗c =
∂2U
∂Ma∂M b
λ˜+b (46)
plus, of course, the complex conjugate equations. Furthermore also the parametrization of ∇F
is affected by having Pa a non-zero function of M . This can be seen from the parametrizations
(42). Taking the covariant derivative of ∇λ˜+a and focusing on the ζ+ζ+ sector, one can extract
∇•+Fa, the component of ∇Fa along ζ+:
∇•+Fa = fabcM †b∇•+Mc +
i
2
∂2U
∂Ma∂M b
λ−b (47)
Analogously one gets the other fermionic components of ∇Fa.
Summarizing, in order to obtain Pa = ∂U(M)
∂Ma
+ ∂U∗(M
†)
∂M†
a , to reproduce the fermionic field
equations (46) and the last terms in the fermionic components of the parametrization (47) of
∇Fa, we have to set:
∆L0 = 4i ∂U
∂Ma
(
F a
2
+ iPa e+e−)− 4i ∂U
∗
∂M †a
(
F a
2
− iPa e+e−)
+ i
(
∂2U
∂Ma∂M b
λ−a λ˜
+
b +
∂2U∗
∂M †a∂M †b
λ+a λ˜
−
b
)
e+e−
+
(
∂U
∂Ma
=
∂U∗
∂M †a
)[
(λ+a ζ˜
− − λ−a ζ˜+)e+ + (λ˜+a ζ− − λ˜−a ζ+)e−
]
2i
[
2U −Ma
(
∂U
∂Ma
− ∂U
∗
∂M †a
)]
ζ−ζ˜+ + 2i
[
2U∗ −M †a
(
∂U∗
∂M †a
− ∂U
∂Ma
)]
ζ+ζ˜−
(48)
Note that U must be a gauge singlet. A linear potential of the type U = ∑a caMa with
ca = const does not satisfy this requirement. Hence the ”linear potential” of the abelian
case, corresponding to the insertion of a Fayet-Iliopoulos term has no non-abelian counterpart.
Similarly a θ-term is also ruled out in the non-abelian case. Indeed a term like θ
a
2pi
F a would not
be gauge-invariant, with a constant θa. Also in this case, a term of this type would be implied
by a linear superpotential U , which is therefore excluded. The problem is that no linear function
of the gauge scalars Ma can be gauge-invariant.
In conclusion, if the Lie algebra G is not semisimple, then for each of its U(1) factors we can
introduce a Fayet-Iliopoulos and a θ-term. As we are going to see, the same property will occur
in the N=4 case. Fayet-Iliopoulos terms are associated only with abelian factors of the gauge-
group, namely with the center Z ⊂ G of the gauge Lie-algebra. This yield of supersymmetry
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perfectly matches with the properties of the Ka¨hler or HyperKa¨hler quotients. Indeed we recall
from section I that the level set of the momentum map (see eq.(2) is well-defined only for
ζ ∈ R3 ⊗ Z∗ in the HyperKa¨hler case and for ζ ∈ R ⊗ Z in the Ka¨hler case, Z∗ being the
center of the dual Lie-algebra G∗. Now the level parameters ζ are precisely identified with the
parameters introduced into the Lagrangian by the Fayet-Iliopoulos terms.
7 R-symmetries of the N=2 Landau-Ginzburg model
with and without local gauge symmetries
As we stated in the introduction, a crucial role in the topological twist of the N=2 and N=4
theories is played by the so called R-symmetries. These are global symmetries of the rheonomic
parametrizations (namely automorphisms of the supersymmetry algebra) and of the action
(both the rheonomic one and that concentrated on the bosonic world-sheet) that have a non
trivial action also on the gravitino one-forms (in the global theories this means on the super-
symmetry parameters, but when extending the analysis to the locally supersymmetric case
this means also on the world-sheet gravitinos). In the N=2 theories the R-symmetry group is
U(1)L ⊗ U(1)R, the first U(1)L acting as a phase rotation ζ± −→ ζ± e±iαL on the left-moving
gravitinos, and leaving the right-moving gravitinos invariant, the second U(1)R factor rotating
in the same way the right-moving gravitinos ζ˜± −→ ζ˜± e±iαR and leaving the left-moving ones
invariant. In the N=4 case, as we are going to see the R-symmetry extends to an U(2)L⊗U(2)R
group each U(2)-factor acting on a doublet of complex gravitinos (ζ±, χ±) with or without the
tildas.
We begin by considering the R-symmetries of the N=2 Landau-Ginzburg model with abelian
gauge symmetries discussed in the previous sections.
Let us assume that the superpotentialW (X) of the gauge invariant Landau-Ginzburg model
is quasi-homogeneous of degree d ∈ R with scaling weights ωi ∈ R for the chiral scalar fields
X i. This means that if we rescale each X i according to the rule:
X i −→ exp[ωiλ]X i (49)
where λ ∈ C is some constant complex parameter, then the superpotential rescales as follows:
W
(
eωiλX i
)
= exp[dλ]W
(
X i
)
(50)
Under these assumption, we can easily verify that the rheonomic parametrizations, the rheo-
nomic and world-sheet action of the N=2 locally gauge invariant Landau-Ginzburg model are
also invariant under the following global U(1)L ⊗ U(1)R transformations:
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ζ± −→ exp[±iαL] ζ± ζ˜± −→ exp[±iαR]ζ˜±
λ± −→ exp[±iαR]λ± λ˜± −→ exp[±iαL]λ˜±
M −→ exp[i(αL − αR)]M M∗ −→ exp[−i(αL − αR)]M∗
P −→ P
A −→ A
X i −→ exp[−iωi (αL+αR)
d
]X i X i∗ −→ exp[iωi (αL+αR)
d
]X i
∗
ψi −→ exp[i (d−ωi)αL−ωiαR
d
]ψi ψ˜i −→ exp[i (d−ωi)αR−ωiαL
d
] ψ˜i
ψi
∗ −→ exp[−i (d−ωi)αL−ωiαR
d
]ψi
∗
ψ˜i
∗ −→ exp[−i (d−ωi)αR−ωiαL
d
] ψ˜i
∗
(51)
If we define the R-symmetry charges of a field ϕ by means of the formula
ϕ −→ exp[ i (qL αL + qR αR) ]ϕ (52)
then the charge assigments of the locally gauge invariant N=2 Landau-Ginzburg model are
displayed in table I.
We can also consider a rigid N=2 Landau-Ginzburg model. By this we mean a Landau-
Ginzburg theory of the type described in the previous sections, where the coupling to the gauge
fields has been suppressed. The structure of such a theory is easily retrieved from our general
formulae (24) , (27), (28) by setting the gauge-coupling constant to zero: redefine qij −→ g q¯ij
and then let g −→ 0. In this limit the matter fields decouple from the gauge fields and we
obtain the following world-sheet lagrangian:
L(ws)chiral = −(∂+X i
∗
∂−X
i + ∂−X
i∗∂+X
i)
+ 2i(ψi∂−ψ
i∗ + ψ˜i∂+ψ˜
i∗) + 2i(ψi
∗
∂−ψ
i + ψ˜i
∗
∂+ψ˜
i)
+ 8
{
(ψiψ˜j∂i∂jW + c.c. ) + ∂iW∂i∗W∗
}
(53)
where to emphasize that we are discussing a different theory we have used a curly letterW(X) to
denote the superpotential. The action (53) defines a model extensively studied in the literature
both for its own sake [15] and in its topological version [3]. This action is invariant against the
supersymmetry transformations that we derive from the rheonomic parametrizations (24) upon
suppression of the gauge coupling (g −→ 0), namely from:
∇X i = ∂+X i e+ + ∂−X i e− + ψiζ− + ψ˜iζ˜−
∇X i∗ = ∂+X i∗ e+ + ∂−X i∗ e− − ψi∗ζ+ − ψ˜i∗ ζ˜+
∇ψi = ∂+ψi e+ + ∂−ψi e− − i
2
∂+X
i ζ+ + ηij
∗
∂j∗W∗ ζ˜−
∇ψi∗ = ∂+ψi∗ e+ + ∂−ψi∗ e− + i
2
∂−X
i∗ ζ− + ηji
∗
∂jW ζ˜+
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∇ψ˜i = ∂+ψ˜i e+ + ∂−ψ˜i e− − i
2
∂−X
i ζ˜+ − ηij∗∂j∗W∗ ζ−
∇ψ˜i∗ = ∂+ψ˜i∗ e+ + ∂−ψ˜i∗ e− + i
2
∂+X
i∗ ζ˜− − ηji∗∂jW ζ+ (54)
Assuming that under the rescalings (49) the superpotentialW(X) has the scaling property (50)
with an appropriate d = dW then the rigid Landau-Ginzburg model admits a U(1)L ⊗ U(1)R
group of R-symmetries whose action on the fields is formally the restriction, to the matter fields
of the R-symmetries (51), namely:
X i −→ exp[−iωi (αL+αR)
dW
]X i X i∗ −→ exp[iωi (αL+αR)
dW
]X i
∗
ψi −→ exp[i (dW−ωi)αL−ωiαR
dW
]ψi ψ˜i −→ exp[i (dW−ωi)αR−ωiαL
dW
] ψ˜i
ψi
∗ −→ exp[−i (dW−ωi)αL−ωiαR
dW
]ψi
∗
ψ˜i
∗ −→ exp[−i (dW−ωi)αR−ωiαL
dW
] ψ˜i
∗
(55)
One, however, has to be careful that the parameter dW in eq.s (55) is the scale dimension of the
superpotentialW(X i) and not d, the scale dimension of the originalW (X) of the gauge coupled
model. This discussion is relevant in view of the N=2 gauge model considered by Witten [2]
as an interpolation between a rigid N=2 Landau-Ginzburg theory and an N=2 σ-model, that
appear as the low energy effective actions in two different phases of the same gauge theory.
In Witten’s case the superpotential of the locally gauge invariant Landau-Ginzburg theory is
chosen as follows:
W
(
XI
)
= X0W
(
X i
)
(56)
where the index i runs on n values i = 1, ..., n, the index I runs on n+ 1 values I = 0, 1, ....., n
and W(X i) is a quasi-homogeneous holomorphic function of degree dW under the rescalings
(49) with appropriate choices of the ωi. Then choosing arbitrarily a scale weight ω0 for the
field X0, the complete superpotential W (XI) becomes a quasi-homogeneous function of degree
d = dW + ω0. Now in Witten’s model, as we are going to see later in our discussion of the
N=2 phases, there is a phase where the gauge multiplet becomes massive, together with the
multiplet ofX0, while all theX i-multiplets are massless and have vanishing vacuum expectation
values. In this phase the low energy effective action is a rigid Landau-Ginzburg model with
superpotential W(X i). In this case, if we want to identify the R-symmetries of the effective
action with those of the original theory, something which is important in the discussion of the
topological twists, we have to be careful to choose ω0 = 0. Only in this case d = dW and eq.s
(55) are truely the restriction of eq.s (51).
An extremely opposite case occurs in the N=2 reinterpretations of the N=4 models. As we
are going to see, also there the superpotential of the gauge model has the structure (56) but,
in this case, the holomorphic function is not quasi-homogeneous, a fact that can be retold by
saying that dW = 0 with ωi = 0. In this case the R-symmetries of the rigid Landau-Ginzburg
model (55) are undefined and loose meaning. Hovever, from the N=4 structure of the model we
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deduce the existence of an R-symmetry where the fields X i have qL = qR = 0 , their fermionic
partners ψi and ψ˜i have (qL = 1, qR = 0) and (qL = 0, qR = 1) respectively, while X
0 has
charges (qL = −1, qR = −1), its partners ψ0, ψ˜0 being assigned the charges (qL = −1, qR = 0)
and (qL = 0, qR = −1), respectively. This result is reconciled with general N=2 formulae if we
declare that ω0 = 1 which implies d = 1. With this choice the above charge assignements, are
the same as those following from formulae (51). The reason why in this case the formulae of
the rigid Landau-Ginzburg model (55) become meaningless is simple: in this case differently
from Witten’s case there is no rigid Landau-Ginzburg phase. For all value of the parameters
we end up in a σ-model phase. Indeed the above assignments of the R-charges is just the one
typical of the σ-model. This will become clear after we have discussed the N=2 σ-model and
its global symmetries.
8 N=2 sigma-models
As a necessary term of comparison for our subsequent discussion of the effective low energy
lagrangians of the N=2 matter coupled gauge models and of their topological twists, in the
present section we consider the rheonomic construction of the N=2 σ-model. By definition,
this is a theory of maps:
X : Σ −→ M (57)
from a two-dimensional world sheet Σ that, after Wick rotation, can be identified with a
Riemann surface, to a Ka¨hler manifoldM, whose first Chern number c1(M) is not necessarily
vanishing. In the specific case when M is a Calabi-Yau n-fold (c1 = 0) the σ-model leads to
an N=2 superconformal field theory with central charge c = 3n but, as far as ordinary N=2
supersymmetry is concerned, the Calabi-Yau condition is not required, the only restriction on
the target manifold being that it is Ka¨hlerian.
Our notation is as follows. The holomorphic coordinates of the Ka¨hlerian target manifold
M are denoted by X i (i = 1, ...., n), their complex conjugates by X i∗ . The field content of
the N=2 σ-model is identical with that of the N = 2 Landau-Ginzburg theory: in addition to
the X-fields, that transform as world-sheet scalars, the spectrum contains four sets of of spin
1/2 fermions, ψi , ψ˜i , ψi
∗
, ψ˜i
∗
, that appear in the N=2 rheonomic parametrizations of dX i and
dX i
∗
:
dX i = Πi+ e
+ +Πi− e
− + ψi ζ− + ψ˜i ζ˜−
dX i
∗
= Πi
∗
+ e
+ +Πi
∗
− e
− − ψi∗ ζ− − ψ˜i∗ ζ˜− (58)
The equations above are identical with the homologous rheonomic parametrizations of the
Landau-Ginzburg theory (the first two of eq.s 54). The difference with the Landau-Ginzburg
case appears at the level of the rheonomic parametrizations of the fermion differentials. Rather
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than the last four of eq.s (54 we write:
∇ψi = ∇+ψi e+ + ∇−ψi e− − i
2
Πi+ ζ
+
∇ ψ˜i = ∇+ψ˜i e+ + ∇−ψ˜i e− − i
2
Πi− ζ˜
+
∇ψi∗ = ∇+ψi∗ e+ + ∇−ψi∗ e− + i
2
Πi
∗
+ ζ
−
∇ ψ˜i∗ = ∇+ψ˜i∗ e+ + ∇−ψ˜i∗ e− + i
2
Πi
∗
− ζ˜
− (59)
where the symbol∇ denotes the covariant derivative with respect to the target space Levi-Civita
connection:
∇ψi = dψi − Γijk dXj ψk
∇ ψ˜i = dψ˜i − Γijk dXj ψ˜k
∇ψi∗ = dψi∗ − Γi∗j∗k∗ dXj
∗
ψk
∗
∇ ψ˜i∗ = dψ˜i∗ − Γi∗j∗k∗ dXj
∗
ψ˜k
∗
(60)
In agreement with standard conventions the metric, connection and curvature of the Ka¨hlerian
target manifold are given by:
gij∗ =
∂
∂X i
∂
∂Xj∗
K
Γijk = −gil
∗
∂jgkl∗
Γi
∗
j∗k∗ = −gi
∗l ∂j∗gk∗l
Γi j = Γ
i
jk dX
k
Ri∗jk∗l = gip∗ R
p
jk∗l
Rpjk∗l = ∂k∗ Γ
p
jl
Rij = R
i
jk∗l dX
k∗ ∧ dX l (61)
where K(X∗, X) denotes the Ka¨hler potential. The parametrizations (58) and (59) are the
unique solution to the Bianchi identities:
d2X i = d2X i
∗
= 0
∇2 ψi = −Ri j ψj
∇2 ψ˜i = −Ri j ψ˜j
∇2 ψi∗ = −Ri∗j∗ ψj
∗
∇2 ψ˜i∗ = −Ri∗j∗ ψ˜j
∗
(62)
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The complete rheonomic action that yields these parametrizations as outer field equations is
given by the following expression:
Srheonomic =
∫ [
gij∗
(
dX i − ψiζ− − ψ˜iζ˜−
)
∧
(
Πj
∗
+ e
+ − Πj∗− e−
)
+ gij∗
(
dXj
∗
+ ψj
∗
ζ+ + ψ˜j
∗
ζ˜+
)
∧
(
Πi+ e
+ − Πi−e−
)
+ gij∗
(
Πi+Π
j∗
− + Π
i
−Π
j∗
+
)
e+ ∧ e−
− 2i gij∗
(
ψi∇ψj∗ ∧ e+ − ψ˜i∇ ψ˜j∗ ∧ e−
)
− 2i gij∗
(
ψj
∗∇ψi ∧ e+ − ψ˜j∗∇ ψ˜i ∧ e−
)
− gij∗
(
dX i ψj
∗ ∧ ζ+ − dX i ψ˜j∗ ∧ ζ˜+
)
+ gij∗
(
dXj
∗
ψi ∧ ζ− − dXj∗ ψ˜i ∧ ζ˜−
)
+ gij∗
(
ψi ψ˜j
∗
ζ− ∧ ζ˜+ − ψj∗ ψ˜i ζ+ ∧ ζ˜−
)
+ 8Rij∗kl∗ ψ
i ψj
∗
ψ˜k ψ˜l
∗
e+ ∧ e−
]
(63)
From eq. (63) we immediately obtain the world-sheet action in second order formalism, by
deleting the terms containing the fermionic vielbein ζ .s and by substituting back the value of
the auxiliary fields Π.s determined by their own field equations. The result is:
Sworld−sheet =
∫ [
− gij∗
(
∂+X
i ∂−X
j∗ + ∂−X
i ∂+X
j∗
)
+ 2i gij∗
(
ψi∇−ψj∗ + ψj∗∇− ψi
)
+ 2i gij∗
(
ψ˜i∇+ψ˜j∗ + ψ˜j∗∇+ ψ˜i
)
+ 8Rij∗kl∗ψ
i ψj
∗
ψ˜k ψ˜l
/star
]
d2z (64)
where we have denoted by
∇± ψi = ∂± ψi − Γijk ∂±Xj ψk
∇± ψi∗ = ∂± ψi∗ − Γi∗j∗k∗ ∂±Xj
∗
ψk
∗
(65)
the world-sheet components of the target-space covariant derivatives: identical equations hold
for the tilded fermions. The world-sheet action (64) is invariant against the supersymmetry
transformation rules descending from the rheonomic parametrizations (58) and (59), namely:
δ ψi = − i
2
∂+X
i ε+ − ε˜− Γijk ψ˜j ψk
δ ψ˜i = − i
2
∂−X
i ε˜+ − ε− Γijk ψj ψ˜k
δ ψi
∗
= +
i
2
∂+X
i∗ ε− + ε˜+ Γi
∗
j∗k∗ ψ˜
j∗ ψk
∗
δ ψ˜i
∗
= +
i
2
∂−X
i∗ ε˜− + ε+ Γi
∗
j∗k∗ ψ
j∗ ψ˜k
∗
(66)
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Comparing with the transformation rules defined by eq.s (54) we see that in the variation of the
fermionic fields, the term proportional to the derivative of the superpotential has been replaced
with a fermion bilinear containing the Levi-Civita connection of the target manifold. Indeed
one set of rules can be obtained from the other by means of the replacement:
ηij
∗
∂j∗ W
∗ −→ −Γijk ψ˜j ψk
ηi
∗j ∂jW −→ Γi∗j∗k∗ ψ˜j
∗
ψk
∗
(67)
This fact emphasizes that in the σ-model the form of the interaction and hence all the quantum
properties of the theory are dictated by the Ka¨hler structure, namely by the real, non holo-
morphic Ka¨hler potential K(X,X∗), while in the Landau-Ginzburg case the structure of the
interaction and the resulting quantum properties are governed by the holomorphic superpoten-
tial W(X). In spite of these differences, both type of models can yield at the infrared critical
point an N=2 superconformal theory and can be related to the same Calabi-Yau manifold. In
the case of the σ-model, the relation is most direct: it suffices to take, as target manifold M,
the very Calabi-Yau n-fold one is interested in and to choose for the Ka¨hler metric gij∗ one
representative in one of the available Ka¨hler classes:
K = i gij∗ dX
i ∧ dXj∗ ∈
[
K
]
∈ H(1,1) (M ) (68)
If c1(M) = 0, within each Ka¨hler class we can readjust the choice of the representative metric
gij∗ , so that at each perturbative order the beta-function is made equal to zero. In this way
we obtain conformal invariance and we associate an N=2 superconformal theory with any N=2
σ-model on a Calabi-Yau n-fold M. The N=2 gauge model discussed in the previous sections
interpolates between the σ-model and the Landau-Ginzburg theory with, as superpotential, the
very function W(X) whose vanishing defines M as a hypersurface in a (weighted) projective
space.
As a matter of comparison a very important issue are the left-moving and right-moving
R-symmetries of the σ-model. Indeed, also in this case, the rheonomic parametrizations, the
rheonomic and world-sheet actions are invariant under a global U(1)L⊗U(1)R group. The action
of this group on the σ-model fields, however, is different from that on the Landau-Ginzburg
fields, namely we have:
ζ± −→ exp[±iαL] ζ± ζ˜± −→ exp[±iαR]ζ˜±
X i −→ X i X i∗ −→ X i∗
ψi −→ exp[iαL]ψi ψ˜i −→ exp[iαR] ψ˜i
ψi
∗ −→ exp[−iαL]ψi∗ ψ˜i∗ −→ exp[−iαR] ψ˜i∗
(69)
where αL and αR are the two constant phase parameters. The crucial difference of eq.s (69)
with respect to eq.s (55) resides in the R-invariance of the scalar fields X i that applies to
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the σ-model case, but not the Landau-Ginzburg case. As a consequence, in the σ-model case
the fermions have fixed integer R-symmetry charges, while in the Landau-Ginzburg case they
acquire fractional R-charges depending on the homogeneity degree of the corresponding scalar
field and of the superpotential.
9 Extrema of the N=2 scalar potential, phases of the
theory and reconstruction of the effective N=2 σ-
model
Now we focus on the effective low-energy theory emerging from the N = 2 gauge plus matter
systems described in the above sections. Our considerations remain at a classical level. We are
mostly interested in the case where the effective theory is an N = 2 σ-model. We show how the
N = 2 σ-model Lagrangian is technically retrieved, in a manner that is intimately related with
the momentum map construction. Indeed this latter is just the geometrical counterpart of the
physical concept of low-energy effective Lagrangian. To be simple we perform our computations
in the case where the target space of the low-energy σ-model is the manifold CPN .
First of all we need to recall the structure of the classical vacua for a system decribed by the
Lagrangian (29), referring to the linear superpotential case: U = ( r
4
− i θ
8pi
)M ; this structure was
studied in Witten’s paper [2]. We set the fermions to zero and we have to extremize the scalar
potential (34). Since U is given by a sum of moduli squared, this amounts to equate each term
in (34) separately to zero. A particularly interesting situation arises when the Landau-Ginzburg
potential has the form
W = X0W(X i) (70)
Here W(X i) is a quasihomogeneous function of degree d of the fields X i that are assigned the
weigths qi, i.e. their charges with respect to the abelian gauge group. In the case all the charges
qi are equal (say all equal to 1, for simplicity) W(X i) is homogeneous. X0 is a scalar field of
charge −d. W(X i) must moreover be transverse: ∂iW = 0 ∀i iff X i = 0 ∀i.
In this case we have:
U =
1
2
(
r + d|X0|2 −∑
i
qi|X i|2
)2
+8|W(X i)|2 + 8|X0|2|∂iW|2
+ 8|M |2
(
d2|X0|2 +∑
i
(qi)2|X i|2
)
, (71)
and two possibilities emerge.
• r > 0. In this case some of the X i must be different from zero. Due to the transversality
of W it follows that X0 = 0. The space of classical vacua is characterized not only by
having X0 = 0 and M = 0, but also by the condition
∑
i q
i|X i|2 = r. When qi = 1 ∀i
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this condition, together with the U(1) gauge invariance, is equivalent to the statement
that the X i represent coordinates on CPN . In general, the X i’s are coordinates on the
weighted projective space WCPNq1...qN The last requirement, W(X i) = 0, defines the
space of classical vacua as a transverse hypersurface embedded in CPN or, in general,
in WCPNq1...qN . The low energy theory around these vacua is expected to correspond to
the N = 2 σ-model on such a hypersurface. Indeed, studying the quadratic fluctuations
one sees that the gauge field A acquires a mass due to a Higgs phenomenon; the gauge
scalar M becomes massive together with those modes of the matter fields that are not
tangent to the hypersurface. The only massless degrees of freedom, i.e. those described
by the low energy theory, are the excitations tangent to the hypersurface. The fermionic
partners behave consistently. We are in the “σ-model phase”.
• r < 0. In this caseX0 must be different from zero. Then it is necessary that ∂iW = 0 ∀i;
this implies by transversality that all the X i vanish. The space of classical vacua is just
a point.Indeed utilizing the gauge invariance we can reduce X0 to be real, so that it is
fixed to have the constant value X0 =
√
−r
d
. M vanishes together with the X i. The low
energy theory can now be recognized to be a theory of massles fields, the X i’s, governed
by a Landau Ginzburg potential which is just W(xi). We are in the “Landau-Ginzburg
phase”.
Now we turn our attention to theCPN -model, which corresponds to the particular case in which
all the charges are equal to 1 and W = 0. As it is easy to see from the above discussion, in this
case the only possible vacuum phase is the σ-model phase, i.e one must have r > 0. We start by
writing the complete rheonomic lagrangian of the system consisting of N + 1 chiral multiplets
with no selfinteraction (XA, ψA, ψ˜A), A = 1, . . .N , coupled to an abelian gauge multiplet, each
with charge one. Differently to what we did in the previous sections, in this section we make
the dependence on the gauge coupling constant g explicit. To reinstall g appropriately, after
reinserting it into the covariant derivatives, ∇XA = dxA+ igAXA, we redefine the fields of the
gauge multiplet as follows:
A −→ 1
g
A ; M −→ 1
g
M ; λ −→ 1
g
λ (72)
so that at the end no modification occurs in the matter lagrangian, while the gauge kinetic
lagrangian is multiplied by 1
g2
. Altogether we have:
L = F
g2
[
F +
i
2
(λ˜+ζ− + λ˜−ζ+) e− − i
2
(λ+ζ˜+ + λ−ζ˜+) e+ −M ζ−ζ˜+ −M∗ ζ+ζ˜−
]
− 1
2g2
F2 e+e− − i
2g2
(λ˜+ dλ˜− + λ˜− dλ˜+) e− +
i
2g2
(λ+ dλ− + λ− dλ+) e+
− 4
g2
[
dM∗ − 1
4
(λ+ζ− − λ˜−ζ˜+)
]
(M+e+ −M−e−)
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− 4
g2
[
dM +
1
4
(λ−ζ+ − λ˜+ζ˜−)
]
(M∗+e+ −M∗−e−)
− 4
g2
(M∗
+
M− +M∗−M+) e+e− −
1
g2
dM(λ˜−ζ˜+ + λ+ζ−) +
1
g2
dM∗(λ˜+ζ˜− + λ−ζ+)
− 1
4g2
(λ˜+λ+ ζ−ζ˜− + λ˜−λ− ζ+ζ˜+) +
2
g2
P2 e+e− − 2rPe+e− + θ
2π
F
+
r
2g2
[
(λ˜+ζ− − λ˜−ζ+) e− + (λ+ζ˜− − λ−ζ˜+) e+
]
+ i
r
g2
(
Mζ−ζ˜+ +M∗ζ+ζ˜−
)
− (∇XA − ψAζ− − ψ˜Aζ˜−)(ΠA∗+ e+ − ΠA
∗
−
e−)
− (∇XA∗ + ψA∗ζ+ + ψ˜A∗ ζ˜+)(ΠA
+
e+ − ΠA
−
e−)
+ (ΠA
∗
+
ΠA
−
− ΠA∗
−
ΠA
+
)e+e− + 2i(ψA∇ψA∗ + ψa∗∇ψA)e+
− 2i(ψ˜A∇ψ˜A∗ + ψ˜A∗∇ψ˜A)e− − ψAψA∗ζ−ζ+ + ψ˜Aψ˜A∗ ζ˜−ζ˜+
− ψAψ˜A∗ζ−ζ˜+ − ψA∗ψ˜Aζ+ζ˜− +∇XA(ψA∗ζ+ − ψ˜A∗ ζ˜+)
−∇XA∗(ψAζ− − ψ˜Aζ˜−) + 4MXAψA∗ ζ˜+e+ − 4M∗XA∗ψAζ˜−e+
+ 4M∗XAψ˜A
∗
ζ+e− − 4MXA∗ψ˜Aζ−e−
+
{
8iM∗ψ˜A
∗
ψA + 8iMψ˜AψA
∗
+ 2iλ+ψA
∗
XA + 2iλ−ψAXA
∗
− 2iλ˜+ψ˜A∗XA − 2iλ˜−ψ˜AXA∗ + 2PXA∗XA − 8M∗MXA∗XA
}
e+e− (73)
The procedure that we follow to extract the effective lagrangian is the following. We let the
gauge coupling constant go to infinity and we are left with a gauge invariant lagrangian describ-
ing matter coupled to gauge fields that have no kinetic terms. Varying the action in these fields,
the resulting equations of motion express the gauge fields in terms of the matter fields. Sub-
stituting back their expressions into the lagrangian we end up with a σ-model having as target
manifold the quotient of the manifold spanned by the matter fields with respect to the action of
the gauge group [9]. This procedure is nothing else, from the functional integral viewpoint, but
the gaussian integration over the gauge multiplet in the limit g −→ ∞. As already pointed
out in the introduction, to consider a gauge coupled lagrangian without gauge kinetic terms is
not a mere trick to implement the quotient procedure in a Lagrangian formalism . It rather
amounts to deriving the low-energy effective action around the classical vacua of the complete,
gauge plus matter system. Indeed we have seen that around these vacua the oscillations of the
gauge fields are massive, and thus decouple from the low-energy point of view. So we integrate
over them: furthermore all masses are proportional to 1
g
and the integration makes sense for
energy-scales E << 1
g
, namely in the limit g −→ ∞.
Here we show in detail how the above-sketched procedure works at the level of the rheonomic
approach. In this way we retrieve the rheonomic lagrangian and the rheonomic parametrizations
of the N = 2 σ-model, as described in section (8), the target space being CPN , equipped with
the standard Fubini-Study metric. The whole procedure amounts geometrically to realize CPN
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as a Ka¨hler quotient [9].
Let us consider the lagrangian (73), in the limit g −→ ∞ and let us perform the variations
in the gauge fields.
The variations in λ˜−, λ˜+, λ−, λ+ give the following “fermionic constraints”:
XAψA
∗
= XA
∗
ψA = XAψ˜A
∗
= XA
∗
ψ˜A
∗
= 0 (74)
Here the summation on the capital index A is understood. In the following we use simplified
notations, such as Xψ∗ for XAψA
∗
, and the like, everywhere it is possible without generating
confusion.
The fermionic constraints (74) are explained by the bosonic constraint X∗X = r, for which
the auxiliary field P, in the limit g −→ ∞ becomes a Lagrange multiplier. Indeed taking the
exterior derivative of this bosonic constraint we obtain 0 = d(X∗X) = X∗dX + XdX∗ and
substituting the rheonomic parametrizations (24) in the gravitino sectors this implies
X∗(ψζ− + ψ˜ζ˜−)−X(ψ∗ζ+ + ψ˜∗ζ˜+) = 0 (75)
from which (74) follows.
The variation of the action with respect to M∗ in the gravitino sectors implies again the
fermionic constraints (74). In the e+e− sector we get the following equation of motion:
M =
iψ˜∗ψ
X∗X
(76)
The terms in the lagrangian (73) containing the connection A are hidden in the covariant
derivatives. Explicitely they are:
−iAXA(ΠA∗
+
e+ −ΠA∗
−
e−) + iAXA∗(ΠA
+
e+ −ΠA
−
e−) + 2iψA(−i)AψA∗e+
+ 2iψA
∗
iAψAe+ − 2iψ˜A(−i)Aψ˜A∗e− − 2iψ˜A∗iAψ˜Ae−
+ iAXA(ψA∗ζ+ − ψ˜A∗ ζ˜+) + iAXA∗(ψAζ− − ψ˜Aζ˜−) + θ
2π
dA (77)
In the gravitino sector we again retrieve the constraints (74). In the e+ and e− sector we
respectively obtain:
iXAΠA
∗
+
− iXA∗ΠA
+
− 4ψAψA∗ = 0
−iXAΠA∗
−
+ iXA
∗
ΠA
−
+ 4ψ˜Aψ˜A
∗
= 0 (78)
At this point we take into account the variations with respect to the first order fields Π, that
give ΠA+ = ∇+XA = ∇+XA + iA+XA, and so on. Substituting into eq.s (78) and solving for
27
A+,A− we get:
A+ = −i(X∂+X
∗ −X∗∂+X) + 4ψψ∗
2X∗X
A− = −i(X∂−X
∗ −X∗∂−X) + 4ψ˜ψ˜∗
2X∗X
(79)
Substituting back the expression (76) for M into the lagrangian (73) in the g −→ ∞ limit
we have
L = −
[
dXA + iXA(A+e+ +A−e−)− ψAζ− − ψ˜aζ˜−
]
(ΠA
∗
+ e
+ −ΠA∗
−
e−)
−
[
dXA
∗ − iXA∗(A+e+ +A−e−) + ψA∗ζ+ + ψ˜a∗ ζ˜+
]
(ΠA
+
e+ −ΠA
−
e−)
− (ΠA∗+ ΠA− +ΠA
∗
−
ΠA+)e
+e− + 2i(ψAdψA
∗
+ ψA
∗
dψA − 2iA−e−ψAψA∗)e+
− 2i(ψ˜Adψ˜A∗ + ψ˜A∗dψ˜A − 2iA+e+ψ˜Aψ˜A∗)e− − ψAψA∗ζ−ζ+
− ψ˜Aψ˜A∗ ζ˜−ζ˜+ − ψAψ˜A∗ζ−ζ˜+ − ψA∗ψ˜Aζ+ζ˜−
+ dXA(ψA
∗
ζ+ − ψ˜A∗ ζ˜+)− dXA∗(ψAζ− − ψ˜Aζ˜+)
− 8ψ
AψB
∗
ψ˜Bψ˜A
∗
X∗X
e+e− + 2P(r −X∗X)e+e− (80)
where A+ and A− are to be identified with their expressions (79). To obtain this expression
we have also used the “fermionic constraints” (74). The U(1) gauge invariance of the above
lagrangian can be extended to a C∗-invariance, where C∗ ≡ C − {0} is the complexification
of the U(1) gauge group, by introducing an extra scalar field v transforming appropriately.
Consider the C∗ gauge transformation given by
XA −→ eiΦXA
XA
∗ −→ e−iΦ∗XA∗ ;
ψA −→ eiΦψA
. . .
; . . . ; (Φ ∈ C) (81)
which is just the complexification of the U(1) transformation, the latter corresponding to the
case Φ ∈ R, supplemented with
v −→ v + i
2
(Φ− Φ∗) (82)
One realizes that under the transformations (81, 82) the combinations e−vXA (and similar ones)
undergo just a U(1) transformation:
e−vXA −→ eiReΦe−vXA
e−vXA
∗ −→ e−iReΦe−vXA∗ (83)
By substituting
XA, ψA, ψA
∗
, ψ˜A, ψ˜A
∗
,ΠA+ , . . . −→ e−vXA, e−vψA, e−vψA
∗
, . . . (84)
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into the lagrangian (80) we obtain an expression which is invariant with respect to the C∗-
transformations (81,82).
In particular the last term of (85) becomes
− 2P(r − e−2vX∗X) (85)
If at this point we perform the so far delayed variation with respect to the auxiliary field P,
the resulting equation of motion identifies the extra scalar field v in terms of the matter fields.
Introducing ρ2 ≡ r the result is that
e−v =
ρ√
X∗X
(86)
What is the geometrical meaning of the above “tricks” (introduction of the extra field
v, consideration of the complexified gauge group)? The answer relies on the properties of
the Ka¨hler quotient construction; extensively discussed in [9], [11]. Let us recall few concepts,
keeping always in touch with the example we are dealing with. We use the notions and notations
introduced in section I
Let Y(s) = Y aka(s) be a Killing vector on S (in our case CN+1), belonging to G (in
our case R), the algebra of the gauge group. In our case Y has a single component: Y =
iΦ(XA ∂
∂XA
−XA∗ ∂
∂XA
∗ ) (Φ ∈ R). The XA’s are the coordinates on S. Consider the vector field
IY ∈ Gc (the complexified algebra), I being the complex structure acting on TS. In our case
IY = Φ(XA ∂
∂XA
+XA
∗ ∂
∂XA
∗ ). This vector field is orthogonal to the hypersurface D−1(ζ), for
any level ζ ; that is, it generates transformations that change the level of the surface. In our
case the surface D−1(ρ2) ∈ CN+1 is defined by the equation XA∗XA = ρ2. The infinitesimal
transormation generated by IY is XA → (1+Φ)XA, XA∗ → (1+Φ)XA∗ so that the transormed
XA’s satisfy XA
∗
XA = (1 + 2Φ)ρ2. As recalled in section I, the Ka¨hler quotient consists in
starting from S, restricting to N = D−1(ζ) and taking the quotient M = N /G. The above
remarks about the action of the complexified gauge group suggest that this is equivalent (at
least if we skip the problems due to the non-compactness of Gc) to simply taking the quotient
S/Gc, the so-called “algebro-geometric” quotient [9], [12].
The Ka¨hler quotient allows, in principle to determine the expression of the Ka¨hler form on
M in terms of the original one on S. Schematically, let j be the inclusion map of N into S, p
the projection from N to the quotient M = N /G, Ω the Ka¨hler form on S and ω the Ka¨hler
form on M. It can be shown [9] that
S j←− N = D−1(ζ) p−→ M = N /G
Ω −→ j∗Ω = p∗ω ←− ω (87)
In the algebro-geometric setting, the holomorphic map that associates to a point s ∈ S (for us,
{XA} ∈ CN+1) its image m ∈M is obtained as follows:
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i) Bringing s to N by means of the finite action infinitesimally generated by a vector field of
the form V = IY = V aka
π : s ∈ S −→ e−V s ∈ D−1(ζ) (88)
ii) Projecting e−V to its image in the quotient M = N /G.
Thus we can consider the pullback of the Ka¨hler form ω through the map p · π:
S pi−→ N = D−1(ζ) p−→ N /G
π∗p∗ω ←− p∗ω ←− ω (89)
Looking at (87) we see that π∗p∗ω = π∗j∗Ω so that at the end of the day, in order to recover
the pullback of ω to S it is sufficient:
i) to restrict Ω to N
ii) to pull back this restriction toM with respect to the map π = e−V .
We see from (88) that the components of the vector field V must be determined by requiring
D(e−V s) = ζ (90)
But this is precisely effected in the lagrangian context by the term having as Lagrange multiplier
the auxiliary field P, see eq. (86), through the equation of motion of P, once we have introduced
the extra field v (which is now interpreted as the unique component of the vector field V)
to make the lagrangian invariant under the complexified gauge group C∗. The lagrangian
formalism of N = 2 supersymmetry perfectely matches the key points of the momentum map
construction. This allows us to determine the form of the map π : it corresponds to the
transformations (84). The steps that we are going to discuss in treating the lagrangian just
consist in implementing the Ka¨hler quotient as in (89). Thus it is clear why at the end we
obtain the σ-model on the target spaceM (in our case CPN ) endowed with the Ka¨hler metric
corresponding to the Ka¨hler form ω. In our example such metric is the Fubini-Study metric.
Indeed one can show in full generality [9] that the Ka¨hler potential Kˆ for the manifoldM, such
that ω = 2i∂∂¯Kˆ is given by
Kˆ = K|N + V aζa (91)
Here K is the Ka¨hler potential on S; K|N is the restriction of K to N , that is, it is computed
after acting on the point s ∈ S with the transformation e−V determined by eq. (90); V a are
the components of the vector field V along the ath generator of the gauge group, and ζa those
of the level ζ of the momentum map. In our case we have the single component v given by
eq. (86), and we named ρ2 the single component of the level. The original Ka¨hler potential on
S = CN+1 is K = 1
2
XA
∗
XA so that when restricted to D−1(ρ2) it takes an irrelevant constant
value ρ
2
2
. Thus we deduce from (91) that the Ka¨hler potential for M = CPN that we obtain
is Kˆ = 1
2
ρ2 log(X∗X). Fixing a particular gauge to perform the quotient with respect to C∗
(see later), this potential can be rewritten as Kˆ = 1
2
ρ2 log(1 + x∗x), namely the Fubini-Study
potential.
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Let us now procede with our manipulations of the lagrangian. It is a trivial algebraic
matter to rewrite the lagrangian (80) after the substitutions (84) with e−v given by eq. (86).
For convenience we divide the resulting expressions into three parts to be separately handled.
First we have what we can call the “bosonic kinetic terms”:
L1 = − ρ
2
X∗X
∑
A
{∑
B
[(
δAB − X
AXB
∗
2X∗X
)
dXB − X
AXB
2X∗X
dXB
∗
]
+ iXA
−i(X∂+X∗ −X∗∂+X) + 4ψψ∗
2X∗X
e+ + iXA
−i(X∂−X∗ −X∗∂−X) + 4ψ˜ψ˜∗
2X∗X
e−
− ψAζ− − ψ˜Aζ˜−
}
(ΠA
∗
+
e+ − ΠA∗
−
e−) + c.c. − ρ
2
X∗X
∑
A
(ΠA
∗
+
ΠA
−
+ΠA
∗
−
ΠA
+
)e+e−
(92)
We would like to recognize in the above expressions the bosonic kinetic terms of an N = 2
σ-model. By looking at the σ-model rheonomic lagrangian (63) we are inspired to perform a
series of manipulations.
Collecting some suitable terms we can rewrite
XA(X∂+X
∗e+ +X∂−X
∗e−) −→ XAXdX∗
XA(X∗∂+Xe
+ +X∗∂−Xe
−) −→ XAX∗dX (93)
due to the fact that the further terms in the rheonomic parametrizations of dX, dX∗, propor-
tional to the gravitinos, give here a vanishing contribution in force of the constraints (74).
We introduce the following provisional notation:
GAB∗ =
ρ2
X∗X
(
δAB − X
A∗XB
X∗X
)
. (94)
Noting that, because of the constraints (74),
GAB∗ψ
A =
ρ2
X∗X
ψA (95)
we can write
L1 = −
[
GAB∗(dX
A − ψAζ− − ψ˜Aζ˜−) + 2i ρ
2
X∗X
XB(ψψ∗e+
+ ψ˜ψ˜∗e−)
]
(ΠA
∗
+ e
+ΠA
∗
−
e−)− c.c. − ρ
2
X∗X
(ΠA
∗
+ Π
A
−
+Π
∗
−
ΠA+ )e
+e−
(96)
In order to eliminate the terms containing the first order fields Π’s multiplied by fermionic
expressions we redefine the Π’s:
ΠA
−
→ ΠA
−
+ 2iXA ψ˜ψ˜
∗
X∗X
ΠA
+
→ ΠA
+
+ 2iXA ψψ
∗
X∗X
ΠA
∗
−
→ ΠA∗
−
− 2iXA∗ ψ˜ψ˜∗
X∗X
ΠA
∗
+
→ ΠA∗
+
− 2iXA∗ ψψ∗
X∗X
(97)
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Then we perform a second redefinition of the Π’s:
ΠA
±
→
(
δAB ± X
AXB
∗
X∗X
)
ΠB
±
ΠA
∗
±
→
(
δAB ± X
A∗XB
X∗X
)
ΠB
∗
±
(98)
in such a way that the quadratic term in the first order fields takes the form
−GAB∗(ΠA+ΠB
∗
−
+ΠA
−
ΠB
∗
+
)e+e− (99)
After the redefinitions (97) and (98) we can rewrite the part L1 of the Lagrangian in the
following way; we take into account, besides the constraints (74), the fact that
GAB∗a
AXB
∗ ∝
(
δAB − X
A∗XB
X∗X
)
aAXB
∗
= 0 (100)
and we obtain:
L1 = −GAB∗(dXA − ψAζ− − ψ˜Aζ˜−)(ΠB∗+ e+ − ΠB
∗
−
e−)
−GAB∗(dXB∗ + ψB∗ζ+ + ψ˜B∗ ζ˜+)(ΠA+e+ −ΠA−e−)
−GAB∗(ΠA+ΠB
∗
−
+ΠA
−
ΠB
∗
+
)e+e− +
8ρ2
(X∗X)2
ψψ∗ψ˜ψ˜∗e+e− (101)
Next we consider the fermionic kinetic terms in eq. (80). Performing the substitutions (84)
with v given by eq. (86) and using the fact that, for instance,
ρ2
X∗X
ψAdψA
∗
= GAB∗ψ
AdψB
∗
(102)
these terms are
L2 = 2i
{
GAB∗(ψ
AdψB
∗
+ ψB
∗
dψA)− ρ
2
(X∗X)2
ψAψA
∗
(X∂−X
∗ −X∗∂−X)e−
}
e+
− 2i
{
GAB∗(ψ˜
Adψ˜B
∗
+ ψ˜B
∗
dψ˜A) +
ρ2
(X∗X)2
ψ˜Aψ˜A
∗
(X∂+X
∗ −X∗∂+X)e+
}
e−
− 16 ρ
2
(X∗X)2
ψψ∗ψ˜ψ˜∗e+e− (103)
Let us introduce another provisional notation:
γABC =
1
X∗X
(δABX
C∗ + δACX
B∗) (104)
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It is not difficult to check that the expression (103) can be rewritten as follows:
L2 = 2i
{
GAB∗ψ
A(dψB
∗ − γB∗B∗C∗ψC
∗
dXD
∗
) +GAB∗ψ
B∗(dψA − γACDψCdXD)
}
e+
− 2i
{
GAB∗ψ˜
A(dψ˜B
∗ − γB∗B∗C∗ψ˜C
∗
dXD
∗
) +GAB∗ψ˜
B∗(dψ˜A − γACDψ˜CdXD)
}
e−
− 16 ρ
2
(X∗X)2
(ψψ∗)(ψ˜ψ˜∗) (105)
The remaining terms in the lagrangian (80) become, after the substitutions (84)
L3 = − 8ρ
2
(X∗X)2
ψAψB
∗
ψ˜Bψ˜A
∗ −GAB∗(ψAψA∗ζ−ζ+ − ψ˜Aψ˜B∗ ζ˜−ζ˜+ + ψAψ˜B∗ζ−ζ˜+
+ ψB
∗
ψ˜Aζ+ζ˜−)−GAB∗dXA(ψB∗ζ+ − ψ˜B∗ ζ˜+) +GAB∗dXB∗(ψAζ− − ψ˜Aζ˜−)
(106)
We have succeded so far in making the lagrangian (80) invariant under theC∗-transformations
(81) , and to write it in a nicer form consisting of the sum of the three parts L1,L2,L3 as given
in eqs. (101,105,106), respectively:
L = −GAB∗(dXA − ψAζ− − ψ˜Aζ˜−)(ΠB∗+ e+ −ΠB
∗
−
e−)
−GAB∗(dXB∗ + ψB∗ζ+ + ψ˜B∗ ζ˜+)(ΠA+e+ − ΠA−e−)
−GAB∗(ΠA+ΠB
∗
−
+ΠA
−
ΠB
∗
+
)e+e−
+ 2i
{
GAB∗ψ
A(dψB
∗ − γB∗B∗C∗ψC
∗
dXD
∗
) +GAB∗ψ
B∗(dψA − γACDψCdXD)
}
e+
− 2i
{
GAB∗ψ˜
A(dψ˜B
∗ − γB∗B∗C∗ψ˜C
∗
dXD
∗
) +GAB∗ψ˜
B∗(dψ˜A − γACDψ˜CdXD)
}
e−
−GAB∗(ψAψA∗ζ−ζ+ − ψ˜Aψ˜B∗ ζ˜−ζ˜+ + ψAψ˜B∗ζ−ζ˜+ + ψB∗ψ˜Aζ+ζ˜−
−GAB∗dXA(ψB∗ζ+ − ψ˜B∗ ζ˜+) +GAB∗dXB∗(ψAζ− − ψ˜Aζ˜−)
− 8 ρ
2
(X∗X)2
(ψAψA
∗
ψ˜Bψ˜B
∗
+ ψAψB
∗
ψ˜Bψ˜A
∗
)e+e− (107)
We can now utilize the gauge invariance to fix for instance (in the coordinate patch where
X0 6= 0) X0 = 1, fixing completely the gauge. In practice we perform the transformation
XA → e−ΦXA = 1
X0
XA (108)
that is we go from the homogeneous coordinates (X0, X i) to the inhomogeneous coordinates
(1, xi = X i/X0) on CPN .
Having chosen our gauge, we rewrite the lagrangian (107) in terms of the fields xi (and
of their fermionic partners ψi, ψ˜i). Note that now dx0 = 0 implies (because of the rheonomic
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parametrizations) ψ0 = 0 and ψ˜0 = 0. The expression X∗X ≡ XA∗XA becomes 1 + xi∗xi ≡
1 + x∗x. Of the expressions GAB∗ and γ
A
BC only the components not involvig the index zero
survive. We introduce the following notations:
GAB∗ ≡ ρ2X∗X
(
δAB − XA
∗
XB
X∗X
)
γABC ≡ 1X∗X (δABXC
∗
+ δACX
B∗)
−→ gij∗ ≡
ρ2
1+x∗x
(
δij − xi
∗
xj
1+x∗x
)
Γijk ≡ 11+x∗x(δijxk
∗
+ δikx
j∗)
(109)
We see that gij∗ is just the standard Fubini-Study metric on CP
N , which is a Ka¨hler metric of
Ka¨hler potential K = ρ2 log(1 + x∗x); Γijk is just the purely holomorphic part of its associated
Levi-Civita connection. Moreover the Riemann tensor for the Fubini-Study metric is given by:
Rij∗kl∗ =
ρ2
(1 + x∗x)
{
δijδ
k
l + δ
i
lδ
k
j −
1
1 + x∗x
[
(δijx
l + δilx
j)xk
∗
+ δkj x
l + δkl x
j)xi
∗
)
]
+ 2
xi
∗
xjxk
∗
xl
(1 + x∗x)2
}
(110)
and we see that using once more the fermionic constraints (74) the four-fermion terms in (107)
can be rewritten as follows:
ρ2
(1 + x∗x)2
(ψiψi
∗
ψ˜jψ˜j
∗
+ ψiψj
∗
ψ˜jψ˜i
∗
) = Rij∗kl∗ψ
iψj
∗
ψ˜kψ˜l
∗
(111)
Thus at the end of the above manipulations, corresponding to the procedure of obtaining
CP
N as the Ka¨hler quotient of CN+1, we have reduced our initial rheonomic lagrangian (73),
in the limit g → ∞, to a form which is that of the N = 2 σ-model as given in eq. (63). The
target space is CPN equipped with the Ka¨hlerian Fubini-Study metric.
10 The N = 4 Abelian gauge multiplet,
Having exhausted our rheonomic reconstruction of the N=2 models we now turn our attention
to the N=4 case. We start with the gauge multiplet. The N=4 vector multiplet, in addition to
the gauge boson, namely the 1-form A, contains four spin 1/2 gauginos whose eight components
are denoted by λ+,λ−, λ˜+,λ˜−,µ+,µ−, µ˜+,µ˜−, two complex physical scalars M 6= M∗, N 6= N∗,
and three auxiliary fields arranged into a real scalar P = P∗ and a complex scalar Q 6= Q∗. The
rheonomic parametrization of the abelian field-strength F = dA and of the exterior derivatives
of the scalars, gauginos and auxiliary fields is given below. It is uniquely determined from the
Bianchi identities:
F = Fe+e− − i
2
(λ˜+ζ− + λ˜−ζ+ + µ˜+χ− + µ˜−χ+)e− +
i
2
(λ+ζ˜+ + λ−ζ˜+
34
+ µ+χ˜− + µ−χ˜+) e+ +M(ζ−ζ˜+ + χ+χ˜−)−M∗(ζ+ζ˜− + χ−χ˜−)
+N(ζ+χ˜− − χ−ζ˜+)−N∗(ζ−χ˜+ − χ+ζ˜−)
dM = ∂+M e
+ + ∂−M e
− − 1
4
(λ−ζ+ − λ˜+ζ˜− + µ+χ− − µ˜−χ˜+)
dN = ∂+N e
+ + ∂−N e
− − 1
4
(µ+ζ− + µ˜+ζ˜− − λ−χ+ − λ˜−χ˜+)
dλ˜+ = ∂+λ˜
+ e+ + ∂−λ˜
+ e− + (
F
2
+ iP) ζ+ − 2i ∂−M ζ˜+ +Qχ− + 2i ∂−N∗ χ˜+
dλ+ = ∂+λ
+ e+ + ∂−λ
+ e− + (
F
2
− iP) ζ˜+ − 2i ∂+M∗ ζ+ −Q χ˜− + 2i ∂+N∗ χ+
dµ˜+ = ∂+µ˜
+ e+ + ∂−µ˜
+ e− + (
F
2
+ iP)χ+ + 2i ∂−M∗ χ˜+ −Q ζ− + 2i ∂−N ζ˜+
dµ+ = ∂+µ
+ e+ + ∂−µ
+ e− + (
F
2
− iP) χ˜+ + 2i ∂+M χ+ +Q ζ˜− + 2i ∂+N ζ+
dP = ∂+P e+ + ∂−P e− − 1
4
(∂+λ˜
+ ζ− − ∂+λ˜− ζ+ − ∂−λ+ ζ˜− + ∂−λ− ζ˜+
+ ∂+µ˜
+ χ− − ∂+µ˜− χ+ − ∂−µ+ χ˜− + ∂−µ− χ˜+)
dQ = ∂+Q e+ + ∂−Q e− + i
2
(∂+µ
+ ζ+ − ∂−µ˜+ζ˜+ − ∂+λ˜+ χ− + ∂−λ+ χ˜−) (112)
The rheonomic parametrizations of the complex conjugate fields dλ˜−, dλ−, dµ−, dµ˜− ,dM∗, dQ∗
are immediately obtained by applying the rules of complex conjugation.
Using these results, by means of lengthy but straightforward algebra we can derive the
rheonomic action of the N=4 abelian gauge multiplet. The result is given below
L(rheon)gauge (N = 4) = F
[
F +
i
2
(λ˜+ζ− + λ˜−ζ+ + µ˜+χ− + µ˜−χ+) e− − i
2
(λ+ζ˜+ + λ−ζ˜+
+ µ+χ˜− + µ−χ˜+) e+ −M(ζ−ζ˜+ + χ+χ˜−) +M∗(ζ+ζ˜− + χ−χ˜−)−N(ζ+χ˜− − χ−ζ˜+)
+N∗(ζ−χ˜+ − χ+ζ˜−)
]
− 1
2
F2 e+e− − 1
2
(λ˜+ dλ˜− + λ˜− dλ˜+ ++µ˜+ dµ˜− + µ˜− dµ˜+) e−
+
i
2
(λ+ dλ− + λ− dλ+ + µ+ dµ− + µ− dµ+) e+ − 4
[
dM∗ − 1
4
(λ+ζ− − λ˜−ζ˜+
+ µ−χ+ − µ˜+χ˜−)
]
(M+e+ −M−e−)− 4
[
dM +
1
4
(λ−ζ+ − λ˜+ζ˜− + µ+χ− − µ˜−χ˜+)
]
·
· (M∗
+
e+ −M∗
−
e−)− 4(M∗
+
M− +M∗−M+) e+e− − 4
[
dN∗ − 1
4
(µ−ζ+
+ µ˜−ζ˜+ − λ+χ− − λ˜+χ˜−)
]
(N+e+ −N−e−)− 4
[
dN +
1
4
(µ+ζ− + µ˜+ζ˜− − λ−χ+
− λ˜−χ˜+)
]
(N ∗
+
e+ −N ∗
−
e−)−
[
dM(λ˜−ζ˜+ + λ+ζ− + µ˜−χ+ + µ˜+χ˜−) + c.c.
]
−
[
dN(λ˜−ζ˜+ + λ+ζ− + µ˜−χ+ + µ˜+χ˜−) + c.c.
]
− 1
4
(λ˜−λ− ζ+ζ˜+ − λ˜−λ+ χ−χ˜+
+ λ˜−µ− ζ+χ˜+ + λ˜−µ+ χ−ζ˜+ + λ−µ˜− χ+ζ˜+ − λ−µ˜+ ζ+χ˜− + µ−µ˜− χ+χ˜+
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− µ˜−µ+ ζ+ζ˜− + c.c. ) + θ
2π
F +
[
2P2 + 2Q∗Q− 2rP − (sQ∗ + s∗Q)
]
e+e−
− r
2
[
(λ−ζ˜+ + µ−χ˜+ + c.c. )e+ + (λ˜−ζ+ + µ˜−χ+ + c.c. )e−
]
+ i
s
2
[
(λ−χ˜− − µ−ζ˜−)e+ + (λ˜−χ− − µ˜−ζ−)e−
]
+ c.c.
+ ir
[
M(ζ−ζ˜+ − χ+χ˜−)− c.c. −N(ζ+χ˜− + χ−ζ˜+) + c.c.
]
+ s
[
Mζ−χ˜− +M∗χ−ζ˜− −Nχ−χ˜− +N∗ζ−ζ˜−
]
+ c.c. (113)
By means of the usual manipulations, from eq.(113) we immediately retrieve the N=4 globally
supersymmetric world-sheet action of the abelian vector multiplet. It is the following:
L(ws)gauge (N = 4) =
1
2
F2 − i(λ˜+ ∂+λ˜− + µ˜+ ∂+µ− + λ+ ∂−λ− + µ+ ∂−µ˜−)
+ 4(∂+M
∗ ∂−M + ∂−M
∗ ∂+M + ∂+N
∗ ∂−N + ∂−N
∗ ∂+N)
+
θ
2π
F + 2P2 + 2Q∗Q− 2rP − (sQ∗ + s∗Q) (114)
In the above action we note the announced N=4 generalization of the Fayet Iliopoulos term. In
addition to the θ-term, proportional to the first Chern-class of the gauge field, and to the r-term
linear in the real auxiliary field P, we have term linear in the complex auxiliary fieldQ, involving
a new complex parameter s. Differently from the N=2 case, the only allowed self interaction of
the N=4 vector multiplet is given by the analogue of a linear superpotential term, namely the
above N=4 generalization of the Fayet-Iliopoulos term, existing only for abelian gauge fields.
As we are going to see shortly, the parameters r and s correspond, in the Lagrangian realization
of the HyperKa¨hler quotients, to the levels of the triholomorphic momentum map. To discuss
this point, that is one of our main goals, we have to revert to the discussion of the quaternionic
hypermultiplets. These are the N=4 analogues of the N=2 chiral multiplets.
11 N = 4 Quaternionic hypermultiplets with an abelian
gauge symmetry
As in four-dimensions the N=2 analogue of the N=1 Wess-Zumino multiplets is given by the
hypermultiplets that display a quaternionic structure, in the same way, in two dimensions, the
N=4 analogues of the complex N=2 chiral multiplets are the quaternionic hypermultiplets that
parametrize a HyperKa¨hler manifold. If this manifold is curved we have an N=4 σ-model,
similarly to the N=2 σ-model that is constructed on a Ka¨hler manifold. Alternatively, if the
HyperKa¨hler variety is flat we are dealing with the N=4 analogue of the N=2 Landau-Ginzburg
model. Here, however, the more stringent constraints of N=4 supersymmetry rule out the
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insertion of any self-interaction driven by a holomorphic superpotential. On the other hand,
what we can still do, just as in the N=2 case, is to couple the flat hypermultiplets to abelian or
non-abelian gauge multiplets. In full analogy with the N=2 case, this construction will generate
an N=4 σ-model as the effective low-energy action of the gauge ⊕ matter system. The target
manifold will be the HyperKa¨hler quotient of the flat quaternionic manifold with respect to the
triholomorphic action of the gauge group. Hence in the present section, we consider quaternionic
hypermultiplets minimally coupled to abelian gauge multiplets. For simplicity we focus on the
case of one gauge-multiplet. All formulae can be straightforwardly generalized to the case of
many abelian multiplets at the end.
Consider a set of bosonic complex fields ui, vi, that can be organized in a set of quaternions
Y i =
(
ui ivi
∗
ivi ui
∗
)
(115)
On these matter fields the abelian gauge group acts in a triholomorphic fashion. According to
the discussion of section I (see eq.(6), the triholomorphic character of this action corresponds
to the following definition of the covariant derivatives:
∇ui = dui + iAqijuj
∇vi = dui − iAqijuj (116)
where qij is a hermitean matrix. Correspondingly the Bianchi identities take the form:
∇2ui = +iF qijuj
∇2vi = −iF qijuj (117)
We solve these Bianchi identities parametrizing the covariant derivatives∇2ui and∇2vi in terms
of four spin 1/2 fermions, whose eight components are given by ψiu, ψ˜
i
u, ψ
i
v, ψ˜
i
v together with their
complex conjugates ψi
∗
u
, ψ˜i
∗
u
, ψi
∗
v
, ψ˜i
∗
v
. In the background of the abelian gauge multiplet (112)
we obtain:
∇ui = ∇+ui e+ +∇−ui e− + ψiuζ− + ψi
∗
v
χ− + ψ˜i
u
ζ˜− + ψ˜i
∗
v
χ˜−
∇vi = ∇+vi e+ +∇−vi e− + ψivζ− − ψi
∗
u
χ− + ψ˜i
v
ζ˜− − ψ˜i∗
u
χ˜−
∇ψiu = ∇+ψiu e+ +∇−ψiu e− −
i
2
∇+uiζ+ − i
2
∇+vi∗χ−
+ iqij(Mu
j ζ˜+ +N∗vj
∗
ζ˜− −N∗uj χ˜+ +Mvj∗χ˜−)
∇ψi
v
= ∇+ψiv e+ +∇−ψiv e− −
i
2
∇+viζ+ + i
2
∇+ui∗χ−
+ iqij(−Mvj ζ˜+ +N∗uj
∗
ζ˜− +N∗vj χ˜+ +Muj
∗
χ˜−)
∇ψ˜iu = ∇+ψ˜iu e+ +∇−ψ˜iu e− −
i
2
∇−uiζ˜+ − i
2
∇−vi∗χ˜−
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− iqij(M∗uj ζ+ +N∗vj
∗
ζ− −N∗uj χ+ +M∗vj∗χ−)
∇ψ˜i
v
= ∇+ψ˜iv e+ +∇−ψ˜iv e− −
i
2
∇−viζ˜+ + i
2
∇−ui∗χ˜−
− iqij(−M∗vj ζ+ +N∗uj
∗
ζ− +N∗vj χ+ +M∗uj
∗
χ−) (118)
Note that the field content of the N=4 hypermultiplet is the same as the field content of two
N=2 chiral multiplets. For each complex coordinate u or v we have two complex spin 1/2 Weyl
fermions ψi
u
, ψi
v
or ψi
v
, ψi
v
. The additional supersymmetries associated with the gravitinos χ±
and χ˜± simply mix the fields of one N=2 chiral multiplet u with the other v. Note also that
contrarily to the N=2 case, the rheonomic solution (118) does not involve any auxiliary field,
namely in the N=4 case there is no room for an arbitrary interaction driven by a Landau-
Ginzburg superpotential U(u, v).
From the Bianchi identities one gets the following fermionic equations of motion:
i
2
∇−ψiu + iqij
(
1
4
λ˜+uj +
1
4
µ˜−vj
∗
+Mψ˜ju −N∗ψ˜j
∗
v
)
= 0
i
2
∇−ψiv − iqij
(
1
4
λ˜+vj − 1
4
µ˜−uj
∗
+Mψ˜j
v
+N∗ψ˜j
∗
u
)
= 0
i
2
∇−ψ˜iu − iqij
(
1
4
λ+uj +
1
4
µ−vj
∗
+M∗ψju −N∗ψj
∗
v
)
= 0
i
2
∇−ψ˜iv + iqij
(
1
4
λ+vj − 1
4
µ−uj
∗
+M∗ψjv +N
∗ψj
∗
u
)
= 0 (119)
Applying the supersymmetry transformation of parameter ǫ+ to the first two of eq.s (119) we
obtain the bosonic equations of motion, namely:
1
8
(∇+∇− +∇−∇+)ui = i
4
qij(λ˜
−ψj
u
− λ−ψ˜j
u
+ µ˜−ψj
∗
v
− µ−ψ˜j∗
v
)
− (|M |2 + |N |2)(q2)ij uj +
1
4
P qij uj +
i
4
Q∗ qij vj
∗
1
8
(∇+∇− +∇−∇+) vi = − i
4
qij(λ˜
−ψjv − λ−ψ˜jv − µ˜−ψj
∗
u + µ
−ψ˜j
∗
u )
− (|M |2 + |N |2)(q2)ij vj −
1
4
P qij vj +
i
4
Q∗ qij uj
∗
(120)
The rheonomic action that yields the rheonomic parametrizations (118) and the field equations
(119) and (120) as variational equations is given below:
L(rheon)quatern = (∇ui − ψiuζ− − ψi
∗
v χ
− − ψ˜iuζ˜− − ψ˜i
∗
v χ˜
−)(U i
∗
+ e
+ − U i∗
−
e−)
+ (∇ui∗ + ψi∗u ζ+ + ψivχ+ + ψ˜i
∗
u ζ˜
+ + ψ˜ivχ˜
+)(U i+ e
+ − U i
−
e−)
+ (U i
∗
+
U i
−
+ U i
∗
−
U i
+
) e+e−
+ (∇vi − ψivζ− + ψi
∗
u χ
− − ψ˜iv ζ˜− + ψ˜i
∗
u χ˜
−)(V i
∗
+ e
+ − V i∗
−
e−)
+ (∇vi∗ + ψi∗v ζ+ − ψiuχ+ + ψ˜i
∗
v ζ˜
+ − ψ˜iuχ˜+)(V i+ e+ − V i− e−)
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+ (V i
∗
+ V
i
−
+ V i
∗
−
V i+) e
+e−
− 4i(ψi
u
∇ψi∗
u
+ ψi
v
∇ψi∗
v
) e+ + 4i(ψ˜i
u
∇ψ˜i∗
u
+ ψ˜i
v
∇ψ˜i∗
v
) e−
+ (ψi
u
ψi
∗
u
+ ψi
v
ψi
∗
v
)(ζ+ζ− + χ+χ−)
− (ψ˜iuψ˜i
∗
u + ψ˜
i
vψ˜
i∗
v )(ζ˜
+ζ˜− + χ˜+χ˜−)
+
[
(ψi
u
ψ˜i
∗
u
+ ψi
v
ψ˜i
∗
v
)(ζ−ζ˜+ + χ+χ˜−) + c.c.
]
+
[
(ψi
u
ψ˜i
v
− ψi
v
ψ˜i
u
)(ζ−χ˜+ − χ+ζ˜−) + c.c.
]
+
[
∇ui∗(ψi
u
ζ− − ψ˜i
u
ζ˜− + ψi
∗
v
χ− − ψ˜i∗
v
χ˜−) + c.c.
]
+
[
∇vi∗(ψivζ− − ψ˜ivζ˜− − ψi
∗
u χ
− + ψ˜i
∗
u χ˜
−) + c.c.
]
+ 4
[
ψi
u
qij(M
∗ uj
∗
ζ˜− +N vj ζ˜+ −N uj∗ χ˜− +M∗ vj χ˜+) e+ + c.c.
]
+ 4
[
ψivq
i
j(−M∗ vj
∗
ζ˜− +N uj ζ˜+ +N vj
∗
χ˜− +M∗ uj χ˜+) e+ + c.c.
]
+ 4
[
ψ˜i
u
qij(M u
j∗ ζ− +N vj ζ+ −−N uj∗ χ− +M vj χ+) e+ + c.c.
]
+ 4
[
ψ˜ivq
i
j(−M vj
∗
ζ− +N uj ζ+ +N vj
∗
χ− +M uj χ+) e+ + c.c.
]
+
{
2i
[
ψi
u
qij(λ˜
−uj
∗
+ µ˜+vj)− c.c.
]
− 2i
[
ψi
v
qij(λ˜
−vj
∗ − µ˜+uj)− c.c.
]
− 2i
[
ψ˜iu q
i
j(λ
−uj
∗
+ µ+vj)− c.c.
]
+ 2i
[
ψ˜iv q
i
j(λ
−vj
∗ − µ+uj)− c.c.
]
+ 8i
[
M∗(ψi
u
qij ψ˜
j∗
u
− ψi
v
qij ψ˜
j∗
v
)− c.c.
]
− 8i
[
N(ψi
u
qij ψ˜
j
v
+ ψi
v
qij ψ˜
j
u
)− c.c.
]
+ 8(|M |2 + |N |2)
[
ui
∗
(q2)iju
j + vi
∗
(q2)ijv
j
]
− 2P(ui∗qijuj − vi
∗
qijv
j)
+ 2i(Q uiqijvj − c.c. )
}
e+e− (121)
In the above formula, the fields implementing the first order formalism for the scalar kinetic
terms have been denoted by U i±, V
i
±. Eliminating these fields through their own equations and
deleting the terms proportional to the gravitinos, we obtain the world-sheet supersymmetric
Lagrangian of the N=4 quaternionic hypermultiplets coupled to the gauge multiplet. We write
it in a basis where the U(1) generator has been diagonalised: qij ≡ qiδij:
L(ws)quatern = −(∇+ui∗ ∇−ui +∇−ui∗∇+ui +∇+vi∗ ∇−vi +∇+vi∗∇−vi)
+ 4i(ψi
u
∇−ψi∗u + ψiv∇−ψi
∗
v
+ ψ˜i
u
∇+ψ˜i∗u + ψ˜iv∇+ψ˜i
∗
v
)
+ 2i
∑
i
qi
{[
ψi
u
(λ˜−ui
∗
+ µ˜+vi)− c.c.
]
−
[
ψi
v
(λ˜−vi
∗ − µ˜+ui)− c.c.
]
−
[
ψ˜i
u
(λ−ui
∗
+ µ+vi)− c.c.
]
+
[
ψ˜i
v
(λ−vi
∗ − µ+ui)− c.c.
]}
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+ 8i
[
M∗
∑
i
qi(ψiuψ˜
i∗
u − ψiv ψ˜i
∗
v )− c.c.
]
− 8i
[
N
∑
i
qi(ψiu ψ˜
i
v + ψ
i
v ψ˜
i
u)− c.c.
]
+ 8(|M |2 + |N |2)∑
i
(qi)2(|ui|2 + |vi|2)− 2P∑
i
qi(|ui|2 − |vi|2)
+ 2i(Q∑
i
qiuivi − c.c. ) (122)
The most interesting feature of the action (122) is the role of the auxilary fields. Recalling
our discussion of the HyperKa¨hler quotient in section I and comparing with formulae (7) we
see that the auxiliary field P multiplies the real component D3(ui, vi) = ∑i qi (|ui|2 − |vi|2),
while Q multiplies the holomorphic component D−(ui, vi) = −2i ∑i qi ui vi of the momentum
map for the triholomorphic action of the gauge group. This fact is the basis for the Lagrangian
realization of the HyperKa¨hler quotients. Indeed the vacuum of the combined gauge ⊕ matter
system breaks the abelian gauge invariance giving a mass to all the fields in the gauge multiplet
and to all the quaternionic scalars that do not lie on the momentum-map surface of level
D3 = r, D+ = s. Integrating on the massive modes one obtaines an N=4 σ-model with target
manifold the HyperKa¨hler quotient. This mechanism will be evident from the study of the
scalar potential of the combined system.
12 The scalar potential in the N=4 hypermultiplet-
gauge system
As in the N=2 case the correct way of putting together the gauge and the matter lagrangian
fixed by positivity of the energy is the following:
L = Lgauge −Lquatern. (123)
As a result the bosonic scalar potential is:
−U = 2P2 + 2|Q|2 − 2rP − (sQ∗ + s∗Q)− 8(|M |2 + |N |2)∑
i
(qi)2
(
|ui|2 + |vi|2
)
+ 2P∑
i
qi
(
|ui|2 − |vi|2
)
− 2i(Q∑
i
qiuivi − c.c. ) (124)
Varying the lagrangian in P and Q we obtain the algebraic equations:
P = 1
2
[
r −∑
i
qi(|ui|2 − |vi|2)
]
=
1
2
[
r −D3(u, v)
]
Q = 1
2
[
s− 2i∑
i
qiuivi
]
=
1
2
[
s−D+(u, v)
]
(125)
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and substituting back eq.s (125) in eq.(124) we get the final form of the N=4 bosonic potential:
U =
1
2
(r −D3)2 + 1
2
|s−D+|2 + 8(|M |2 + |N |2) ∑
i
(qi)2(|ui|2 + |vi|2) (126)
As we see, the parameters r, s of the Fayet-Iliopoulos term are identified with the levels of the
triholomorphic momentum-map, as we announced. In the next section we discuss the structure
of the N=4 scalar potential extrema.
13 Phase structure of the N = 4 theory and reconstruc-
tion of the associated low-energy theory
We address now the questions related with the structure of the classical vacuum of the N = 4
theory discussed above and with the low energy theory around this vacuum.
To minimize the potential (126), which is given by a sum of squares, we must separately
equate each addend to zero . If we compare the N = 4 bosonic potential with the N = 2
one given in eq. (34) we note that the absence of an N = 4 analogue of the Landau-Ginzburg
potential reduces the possibilities. There is only anN = 4 σ-model phase. BesideM = 0, N = 0,
we must impose D3(u, v) = r and D+ = s. Taking into account the gauge invariance of the
Lagrangian, this means that the classical vacua are characterized by having M = N = 0 and
the matter fields u, v lying on the HyperKa¨hler quotient
M = D−13 (r) ∩ D−1+ (s)/U(1) (127)
of the quaternionic space Hn spanned by the fields ui, vi with respect to the triholomorphic
the action of the U(1) gauge group (see section (1)). Considering the fluctuations around this
vacuum, we can see that the fields of the gauge multiplet are massive, together with the modes
of the matter fields not tangent to M. The low-energy theory will turns out to be the N = 4
σ-model on M.
Here neither we write the explicit derivation of the general form for an N = 4 σ-model nor
we give the N = 4 analogue of the recostruction of the low-energy N = 2 σ-model discussed in
section (9). We just recall the basic fact that a σ-model is N = 4 supersymmetric only under
the condition that the target space be a hyperKa¨hler manifold. The reason of this omission is
not just to save space; the key point of what happens in the N = 4 case can be fully understood
also in an N = 2 language.
Indeed N = 4 theories are nothing else but particular N = 2 theories whose structure allows
the existence of additional supersymmetries.
Which kind of N = 2 theory is the N = 4 gauge plus matter system described in sections
(10, XI,12)? The answer is easily given. If we suppress the additional gravitinos χ± and χ˜±, the
N=4 rheonomic parametrizations (112),(118) and the N=4 action (121),(113) of n quaternionic
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multiplets coupled to a gauge multiplet become those of an N=2 theory (see eq.s (16, 24, 27, 18)
containing one gauge multiplet (A, λ˜+, λ˜−, λ+, λ−,M,P) and 2n + 1 chiral multiplets, namely
(
XA, ψA, ψA
∗
, ψ˜A, ψ˜A
∗
)
=


(
ui, ψiu, ψ
i∗
u, ψ˜
i
u, ψ˜
i∗
u
)
(
vi, ψiv, ψ
i∗
v, ψ˜
i
v, ψ˜
i∗
v
)
(
X0, ψ0, ψ0
∗
, ψ˜0, ψ˜0
∗
) (128)
where the index A runs on 2n+1 values, the index i takes the values i = 1, . . . n and where we
have defined:
X0 = 2N
ψ0 = −1
2
µ+ ; ψ0
∗
= −1
2
µ−
ψ˜0 = −1
2
µ˜+ ; ψ˜0
∗
= −1
2
µ˜− (129)
The match between the N=4 theory and the general form of the N=2 model is complete if we
write the generator of the U(1) transformations on the XA chiral multiplets as the following
(2n+ 1)× (2n+ 1) matrix:
qAB =


qiδij 0 0
0 − qiδij 0
0 0 0

 (130)
and we choose as superpotential the following cubic function:
W
(
XA
)
= − 1
4
X0 ( s∗ − D−(u, v) )
= − 1
4
X0
(
s∗ + 2 i
∑
i
qiui vi
)
(131)
where D−(u, v) = −2i ∑i qiui vi is the holomorphic part of the momentum map for the tri-
holomorphic action of the gauge group on Hn = Cn. The superpotential (131) is quasi-
homogeneous of degree
dW = 1 (132)
if we assign the following weights to the various chiral fields:
ω0 = 1 ; ωui = ωvi = 0 (133)
See the discussion at the end of section (7) for the meaning of these assignements.
In particular, it is easy to check that the form (34) of the N = 2 bosonic potential reduces,
the Landau-Ginzburg potential being given by eq. (131), exactly to the potential of eq. (126):
U =
1
2
(
r −D3
)2
+
∑
A
|∂AW |2 + 8|M |2
∑
i
(qi)2
(
|ui|2 + |vi|2
)
=
1
2
(
r −D3
)2
+
1
2
|s−D+|2 + (8|M |2 + 2|X0|2)∑
i
(qi)2
(
|ui|2 + |vi|2
)
(134)
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From this N = 2 point of view, why do we not see two different phases in the structure of
the classical vacuum? To answer this question let us compare the above potential with that of
eq. (71) i.e. with the simplest of the examples considered in Witten’s paper [2]. The crucial
difference resides in the expression of the real component D3(u, v) of the momentum map, see
eq. (125). It is indeed clear that by setting
r −∑
i
qi
(
|ui|2 − |vi|2
)
= 0 (135)
the exchange of r > 0 with r < 0 just corresponds to the exchange of the u’s with the v’s. Since
in all the other expressions the u’s and the v’s play symmetric roles, the two phases r > 0 and
r < 0 are actually the same thing. This is far from being accidental. The reason why the charge
of vi is opposite to the one of ui is the triholomorphicity of the action of the gauge group, as
already noted in section I. The triholomorphicity is essential in order to have an N = 4 theory;
thus the indistinguishability of the two phases is intrinsic to any N = 4 theory of the type we
are considering in this paper.
It would be interesting to investigate in detail what happens at r = 0, or better in general
for the values of the momentum map parameters (r and s here) where the hyperKa¨hler quotient
degenerates [11], [4]. This might be particularly relevant in the case of the ALE spaces [5], [11],
four dimensional spaces with c1 = 0, obtained via a hyperKa¨hler construction. Note that the
supersymmetric σ-model on such spaces, because of the vanishing of the firs Chern class, gives
rise, at the quantum level, to a superconformal theory. In these cases, for certain values of
the momentum map parameters the hyperKa¨hler quotient degenerates into an orbifold. If for
these particular values of the parameters there is no real singularity in the complete theory (the
gauge plus matter system), then we have an explicit unification of the ”singular” case where
the effective theory is the superconformal theory of an orbifold space with the case where the
effective theory is a σ-model on a ALE space.
To complete the definition of the vacuum, we mut setM = 0, X0 = 0 and require D+(u, v) =
s.
We have found that considering an N = 2 theory with a Landau-Ginzburg potential (131)
does not introduce the possibility of a Landau-Ginzburg phase for the vacuum. We can un-
derstand this fact because such a potential has a “geometrical” origin and at the level of the
N = 4 theory it is related to the gauge sector; it does not come from a self-interaction of the
N = 4 matter fields (quaternionic multiplets). This self-interaction cannot exist, as we noted
above.
To reconstruct the low-energy theory, we must follow the procedure outlined in section 9.
The only difference is that there we considered the CPN case, in which there is no Landau-
Ginzburg potential. On the other hand here we must take into account also the constraint
D+ = s which comes from the potential (131).
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To be definite we consider, in an extremely sketchy way, the case that corresponding to the
obvious N = 4 generalization of CPN , namely in the above formulæ we take all the charges
qi = 1. The spaces obtained by means of the hyperKa¨hler quotient procedure of Hn with
respect to this U(1) action have real dimension 4(n− 1); the Ka¨hler metric metric they inherit
from the quotient construction are called Calabi metrics [14].
First of all, if we restore the gauge coupling constant (extending the redefinitions (72) to the
other fields of the N = 4 gauge multiplet) before reducing the theory in its N = 2 components,
at the end also the kinetic terms for X0 and its fermionic partners aquire a factor 1
g2
. They
disappear, together with the kinetic terms for the remaining N = 2 gauge multiplet, when we
take the limit g →∞, which should correspond to integrate over the massive fluctuations. This
matches the fact that also the fluctuations of X0 and of its partners around the vacuum are
massive.
In analogy with section 9 we consider the variations of the action with respect to the non-
propagating fields. The variations in X0, ψ0, ψ˜0 are on the same footing as those in M, λ˜+, λ+.
In particular we get fermionic constraints that, by supersymmetry, correspond to the two mo-
mentum map equations
D3 = r ⇔ ∑
i
(|ui|2 − |vi|2) = r (136)
D+ = s ⇔ 2i∑
i
ui
∗
vi
∗
= s (137)
The fermionic contraints are crucial in the technical reconstruction of the correct form of the
rheonomic lagrangian of the N = 2 σ-model on a space TCPN endowed with a Calabi metric,
the Calabi space. We omit all the details confining ourselves to pointing out the essential
differences with the N=2 case.
Note that the holomorphic contraint D+ = s is not implemented in the N = 2 lagrangian we
are starting from, eq.s (29,27, 18), through a Lagrange multiplier. This would be the case (by
means of the auxiliary field Q) had we chosen to utilize the N = 4 formalism, see eq.(122), and
this is the case for the real constraint D3 = r, through the auxiliary field P. This fact causes no
problem, as it is perfectely consistent with what happens, from the geometrical point of view,
taking the hyperKa¨hler quotient. Indeed the hyperKa¨hler quotient procedure is schematically
represented by
S j+←− D−1+ (s) j
3←− N ≡ D−13 (r) ∩ D−1+ (s) p−→ M ≡ N /G (138)
where we have gone back to the general case and we have extended in an obvious way the
notation of eq. (87): j+ and j3 are inclusion maps and p the projection on the quotient.
We remarked in section (9) that the surface D−13 (r) is not invariant under the action of
the complexified gauge group Gc. It is easy to verify instead that the holomorphic surface
D−1+ (s) is invariant under the action of Gc. Just as in the Ka¨hler quotient procedure of section
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(9) we can therefore replace the restriction to D−13 (r) and the G quotient with a Gc quotient,
without modifying the need of taking the restriction to D−1
+
(s). The hyperKa¨hler quotient can
be realized as follows:
S j+←− D−1
+
(s)
pc−→ M ≡ D−1
+
(s)/Gc (139)
We see that, in any case, we have to implement the constraint D+ = s. This does not affect
the procedure of extending the action of the gauge group to its complexification, which, in our
case, is given by:
ui −→ eiΦui ; vi −→ e−iΦvi
ui
∗ −→ e−iΦ∗ ; vi∗ −→ eiΦ∗vi∗
v −→ v + i
2
(Φ− Φ∗) (140)
and of obtaining the invariance of the lagrangian under this action, by means of the substitutions
ui −→ e−vui ; vi −→ evvi (141)
and similarly for the other fields, as it happened in eq. (84).
The variation in the auxiliary field P, that acts as a Lagrange multiplier for the real mo-
mentum map constraints, gives, after the substitutions (141), the equation D3(e−vu, evv) = r,
that is
r − e−2v∑
i
|ui|2 + e2v∑
i
|vi|2 = 0 (142)
This equation is solved for v as follows (we introduce the notation ρ2 ≡ r):
e2v =
−ρ2 +
√
ρ4 + 4
∑
i |ui|2
∑
i |vi|2
2
∑
i |vi|2
(143)
We have still to implement the holomorphic constraint D+ = s; we have also at our disposal the
C
∗ gauge invariance of our lagrangian. We can utilize this invariance choosing a gauge which
can simplify the implementation of the constraint [9]. One can for instance, as it is clear from
the form (140) of the C∗-transformations, choose the gauge where un = vn. In this gauge the
constraint
D− = −2i∑
i
uivi = s∗ (144)
is solved by setting
ui =
√
is∗
2(1 +
∑
J uˆJ vˆJ)
(uˆI , 1)
vi =
√
is∗
2(1 +
∑
J uˆ
J vˆJ)
(vˆI , 1) (145)
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where the capital indices I, J, ... run from 1 to n − 1. The final result of the appropriate
manipulations that should be made on the lagrangian, following what was done in section 9 will
be the reconstruction of the rheonomic action (63) for the N = 2 σ-model having as target space
the hyperKa¨hler quotient Hn/U(1), endowed with that the Ka¨hler metric which is naturally
provided by the hyperKa¨hler quotient construction, exactly in the same way as it happened
in the Ka¨hler quotient case of section 9. The Ka¨hler quotient is again obtained through eq.
(91). In expressing the result, it is convenient to assign a name to the expressions
∑
i |ui|2 and∑
i |vi|2, that, through eq.s (145), must be reexpressed in terms of the true coordinates on the
target space, the uˆ’s and the vˆ’s. Therefore we set
β ≡ ∑
i
|ui|2 = is
∗
2|1 +∑J uˆJ vˆJ |2 (1 +
∑
I
|uˆI |2)
γ ≡ ∑
i
|vi|2 = is
∗
2|1 +∑J uˆJ vˆJ |2 (1 +
∑
I
|vˆI |2) (146)
We note that, differently from the CPN case, the part of the Ka¨hler potential on the target
space that comes from the restriction of the potential for the flat metric on the manifold Hn to
the momentum-map surface D−13 (r) ∩ D−1+ (s) is not an irrelevant constant. Indeed it is given
(see section I ) by:
K|N = 1
2
(e−2v
∑
i
|ui|2 + e2v∑
i
|vi|2) = 1
2
√
ρ4 + 4βγ (147)
The final expression of the Ka¨hler potential for the Calabi metric is:
Kˆ =
1
2
√
ρ4 + 4βγ +
ρ2
2
log
−ρ2 +√ρ4 + 4βγ
2γ
(148)
In the case n = 2, the target space has 4 real dimensions and the Calabi metric is nothing else
that the Eguchi-Hanson metric, i.e. the simplest Asymptotically Locally Euclidean gravitational
instanton [11].
14 Extension to the case where the quaternionic hyper-
multiplets have several abelian gauge symmetries
The extension of the above results to the case of several U(1) multiplets is fairly simple. This
case is relevant to implement the Kronheimer construction of the multi Eguchi-Hanson spaces
belonging to Ak-series [11], [4]. Let the gauge group be U(1)
n and let the corresponding gauge
fields be the 1-forms Aa (a = 1, ..., n); let the triholomorphic action of these groups on the
hypermultiplets Y i be generated by the matrices (F a)ij , then the covariant derivatives of the
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quaternionic scalars ui, vi will be:
∇ui = dui + iAa(F a)ijuj
∇vi = dvi − iAa(F a)ijvj (149)
Since the group is abelian and the generators F a are commuting, the gauge part of the action
should simply be given by n replicas of the U(1) lagrangian; thus the world-sheet lagrangian is
given by
L(ws)gauge =
1
2
FaFa − i(λ˜+a ∂+λ˜−a + µ˜+a ∂+µ−a + λ+ ∂−λ−a + µ+a ∂−µ˜−a )+
+ 4(∂+M
∗
a∂−Ma + ∂−M
∗
a∂+Ma + ∂+N
∗
a∂−Na + ∂−N
∗
a∂+Na) +
+
θa
2π
Fa + 2PaPa + 2(Qa)∗Qa − raPa −
(
sa(Qa)∗ + (sa)∗Qa
)
(150)
where the summation on the index a enumerating the U(1) generators is understood, as usual.
Similar formulae hold for the rheonomic action. For the matter part of the Lagrangian, note
that the covariant derivatives (12) are nearly identical to the ones utilized in the case of one
multiplet (116) We just have to take into account the substitution qij −→ (F a)ij and the
summation over the index a. The modification of the rheonomic parametrizations and of the
action are almost trivial, substantially because of the abelian nature of the group that we
consider. Let us therefore quote here only the spacetime lagrangian:
L(ws)quatern = −(∇+ui∗ ∇−ui +∇−ui∗∇+ui +∇+vi∗∇−vi +∇+vi∗∇−vi)
+ 4i(ψi
u
∇−ψi∗u + ψiv∇−ψi
∗
v
+ ψ˜i
u
∇+ψ˜i∗u + ψ˜iv∇+ψ˜i
∗
v
)
+ 2i
∑
i
∑
a
(fa)ij
{[
ψiu (λ˜
−
au
j∗ + µ˜+av
j)− c.c.
]
−
[
ψiv (λ˜
−
a v
j∗ − µ˜+auj)− c.c.
]
−
[
ψ˜i
u
(λ−au
j∗ + µ+av
j)− c.c.
]
+
[
ψ˜i
v
(λ−a v
j∗ − µ+auj)− c.c.
]}
+ 8i
∑
a
[
M∗a
∑
i
(F a)ij(ψ
i
uψ˜
j∗
u − ψiv ψ˜j
∗
v )− c.c.
]
− 8i
[∑
a
N
∑
i
(F a)ij(ψ
i
u
ψ˜j
v
+ ψi
v
ψ˜j
u
)− c.c.
]
+
+ 8
∑
a
(|Ma|2 + |Na|2)
∑
i
(fa fa)ij(u
i∗uj + vi
∗
vj)
− 2∑
a
Pa∑
i
(F a)ij(u
i∗uj − vi∗vj)
+ 2i
∑
a
(Qa ∑
i
(F a)iju
ivj − c.c. ) (151)
As expected, the auxiliary fields Pa,Qa multiply the ath component of the momentum-map,
respectively the real part D3 and the anti-holomorphic part D−.
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The complete bosonic potential takes therefore the following direct sum form:
U =
∑
a

 1
2
(ra −D3a)2 +
1
2
|sa −D+a |2 + 8(|Ma|2 + |Na|2)
∑
i,j
(F aF a)ij (u
i∗uj + vi
∗
vj)

 (152)
15 Quaternionic notation for the N = 4 gauge-matter
system and identification of the N=4 R-symmetries
The above construction of the N=4 gauge ⊕ matter system can be recast in a more compact
quaternionic notation that allows a simple identification of a U(2)L and a U(2)R global R-
symmetry group, respectively acting on the left-moving and right-moving degrees of freedom.
As it is well known [17], in the N=2 case the R-symmetries play an important role in the
identification of the superconformal theories emerging at the critical point and in the calculation
of the so called elliptic genus, a very interesting type of genus one path integral with twisted
boundary conditions that has a topological meaning as the index of one of the supersymmetry
charges. Therefore the identification of the N=4 R-symmetries is particularly valuable, their
SU(2) subgroups will turn into the SU(2)L and SU(2)R currents of the N=4 superalgebras for
the left-moving and right-moving sectors, respectively. Let us then introduce the quaternionic
formalism. Setting ω = 0, we can write the super-world-sheet structure equations as follows:
de+ =
i
4
Tr(Z† Z)
de− =
i
4
Tr(Z˜† Z˜) (153)
where
Z =
(
ζ− iχ+
iχ− ζ+
)
; Z˜ =
(
ζ˜− −iχ˜+
−iχ˜− ζ˜+
)
(154)
To describe the abelian gauge multiplet we group the gauginos into quaternions, according to :
Λ =
(
λ− −iµ+
−iµ− λ+
)
; Λ˜ =
(
λ˜− iµ˜+
iµ˜− λ˜+
)
(155)
and the gauge scalars, according to:
Σ =
(
M iN
iN∗ M∗
)
(156)
It is also useful, although we do not use such a notation in the Lagrangian, to group the field
strength Fand the auxiliary fields P,Q into another quaternion:
f =
(
F
2
+ iP −iQ
−iQ∗ F
2
− iP
)
; f˜ =
(
F
2
− iP −iQ
−iQ∗ F
2
+ iP
)
(157)
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Then the rheonomic parametrizations (112) can be written as follows:
F = Trfe+e− − i
2
Tr(Λ˜†Z) e− +
i
2
Tr(Λ†Z˜) e+ + Tr(Zσ3Z˜
†Σ)
dΣ = ∂+Σ e
+ + ∂−Σ e
− − 1
4
Λσ3Z
† +
1
4
Z˜σ3Λ˜
dΛ = ∂+Λ e
+ + ∂−Λ e
− + Z˜f + 2i∂+ΣZσ3
dΛ˜ = ∂+Λ˜ e
+ + ∂−Λ˜ e
− + Zf˜ + 2i∂−Σ
†Z˜σ3
df = ∂+f e
+ + ∂−f e
− +
i
2
∂+Λ˜
†Z − i
2
Z˜†∂−Λ (158)
These parametrizations (158) are invariant under the following left-moving and right-moving
R-symmetries, where UL, UR ∈ U(2) are arbitrary unitary 2 × 2 matrices:
Z −→ UL Z
Z˜ −→ UR Z˜ ;
Λ˜ −→ UL Λ˜
Λ −→ UR Λ ; Σ −→ UR ΣU
−1
L (159)
The rheonomic action (113) can also be rewritten in this notation as it follows:
L(ws)gauge = −
1
2
F2 + F
[
F +
i
2
Tr(Λ˜†Z) e− − i
2
Tr(Λ†Z˜) e+ − Tr(ΣZ˜†σ3Z)
]
− i
4
Tr(Λ˜† dΛ˜)e− +
i
4
Tr(Λ† dΛ)e+
− 4Tr
{[
dΣ† +
1
4
Zσ3Λ
† − 1
4
Λ˜σ3Z˜
†
]
(S+e
+ − S−e−) + (S†+ S− + S†− S+)e+e−
}
+ Tr(dΣ Λ˜σ3Z˜
† + dΣ† Λσ3Z
†)− 1
4
Tr(Λ†Z˜σ3Λ˜
†)σ3
+
1
2
Tr
{(−r s∗
s r
)
[Λ†Z˜ e+ + Λ˜†Z e−]
}
+ 2iTr
{(
r s∗
−s r
)
Z˜†ΣZ
}
{
+
θ
2π
F +
[
2P2 + 2Q∗Q− 2rP − (sQ∗ + s∗Q)
]}
e+e− (160)
Written in this form, the superspace Lagrangian is invariant by inspection against the R-
symmetries (159).
The hypermultiplets are rewritten in quaternionic notation as follows:
Y i =
(
ui ivi
∗
ivi ui
∗
)
; Ψi =
(
ψi
u
−iψi∗
v
−iψiv ψi∗u
)
; Ψ˜i =
(
ψ˜i
u
iψ˜i
∗
v
iψ˜iv ψ˜
i∗
u
)
(161)
The Bianchi Identities take the form:
∇2Y i = iF qijσ3 Y j (162)
and the rheonomic parametrizations (118) become:
∇Y i = ∇+Y ie+ +∇−Y ie− + σ3,Ψi Z + Ψ˜i Z˜ σ3
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∇Ψi = ∇+Ψie+ +∇−Ψie− − i
2
σ3∇+Y iZ† + iY j qijσ3 Z˜†Σ
∇Ψ˜i = ∇+Ψ˜ie+ +∇−Ψ˜ie− − i
2
∇−Y iσ3 Z˜† + iY j qijσ3 Z†Σ† (163)
These parametrizations are invariant under the left- and right-moving R-symmetries provided
the transformations (159) are adjoined to the following ones:
Ψi −→ ΨiU−1L ; Ψ˜i −→ Ψ˜iU−1R (164)
The rheonomic action (121) is rewritten as follow in quaternionic notation:
L(rheon)quatern = Tr
{
(∇Y i + σ3ΨiZ + σ3Ψ˜iZ˜)(Y i†+e+ − Y i†−e−) + Y i†+Y i−e+e−
− 4i(Ψi†)∇Ψi e+ − Ψ˜i†∇Ψ˜i e−) + Ψ˜i†σ3Ψi Zσ3Z˜†
+
1
2
(Ψi†σ3Ψ
iTrZ†Z − 1
2
Ψ˜i†Ψ˜i Z˜†Z˜)−∇Y i†(σ3ΨiZ − Ψ˜iZ˜σ3)
− 4ΨiΣ†Z˜qijσ3Y j† e+ − 4Ψ˜iΣZqijY j†σ3 e−
− 1
2
( D3 −iD−
−iD+ −D3
)
[Λ†Z˜e+ + Λ˜†Ze−] + 2i
( D3 −iD−
iD− D3
)
Z˜†ΣZ
}
+
{
2iTr [qijY
j†ΨiΛ˜ + qijσ3Y
jσ3ΛΨ˜
i†]− 8iTr Ψ˜iΣqijΨj†)
+ 8Tr (Σ†ΣY i†)(q2)ijY
j)− 2PD3 + i[QD+ −Q∗D−]
}
e+e− (165)
Written in this form, also the hypermultiplet action is invariant by inspection with respect to
the R-symmetries (159,164).
16 The A and B Topological Twists of the N=2 and
N=4 Theories
We now discuss the two possible topolological twists (A and B models, in Witten’s nomen-
clature) of the above reviewed N=2 Landau-Ginzburg theories with local gauge symmetries.
The topological twists of the corresponding N=4 theories are covered by this discussion, since,
as we have shown, they can be regarded as special instances of N=2 theories with a specific
field-content and a special choice of the superpotential.
We focus on the formal aspects of the topological twist procedure, relying on the clarification
of the involved steps, recently obtained in the D=4 case [7], and making preparatory remarks
for our planned extension of the whole procedure to the case of locally N=2 supersymmetric
theories (matter-coupled 2D topological gravity).
As discussed at length in [7], the topological twist extracts, from any N=2 supersymmetric
theory, a topological field-theory that is already gauge-fixed, namely where the BRST-algebra
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already contains the antighosts, whose Slavnov variation is proportional to the gauge-fixings.
The appropriate instanton conditions that play the role of gauge-fixings for the topological
symmetry are thus automatically selected when the topological field-theory is obtained via the
topological twist. This latter consists of the following steps:
i) First one BRST quantizes the ordinary N=2 theory. (This step is relevant when the
ordinary N=2 theory is locally supersymmetric (supergravity) and/or it contains gauge-fields
as in our specific case. For rigid N=2 theories containing only matter multiplets as the N=2
σ-model or the rigid N=2 Landau-Ginzburg models, this step is empty)
ii) Then one redefines the spins of all the fields taking as new Lorentz group the diagonal of
the old Lorentz group with the internal automorphism group of N=2 supersymmetry.
iii) After this redefinition, one recognizes that at least one component of the N=2 multiplet
of supercharges, say Q0 has spin zero, is nilpotent and anticommutes with the old BRST-charge
Q
(old)
BRST Q0 + Q0Q
(old)
BRST = 0. Then one defines the new BRST-charge as Q
(new) = Q0 + Q
(old)
BRST
iv) Next one redefines the ghost-number gh(new) = gh(old) + F where F is some appropriate
fermion number in such a way that the operator (−1)gh(new) anticommutes with the new BRST-
charge, in the same way as the operator (−1)gh(old) did anticommute with the old BRST-charge.
In this way all the fields of the BRST-quantized N=2 theory acquire a new well-defined ghost-
number.
v) Reading the ghost-numbers one separates the physical fields from the ghosts and the
antighosts, the BRST-variation of these latter yielding the gauge fixing instanton equations.
The gauge-free BRST algebra (that involving no-antighosts) [16] should, at this point, be rec-
ognizable as that associated with a well defined topological symmetry: for instance the con-
tinuous deformations of the vielbein (topological gravity), the continuous deformations of the
gauge-connection (topological Yang-Mills theory), the continuous deformations of the embedding
functions (topological σ-model) and so on
STEP 1
The first step is straightforward. The case of interest to us just involves an ordinary gauge
symmetry. Hence we just make the shift:
A −→ Aˆ = A + c(gauge) (166)
where c(gauge) are ordinary Yang-Mills ghosts. Imposing the BRST-rheonomic conditions:
Fˆ
def
= dˆ Aˆ + Aˆ ∧ Aˆ
= (d+ s)
(
A + c(gauge)
)
+
(
A + c(gauge)
)
∧
(
A + c(gauge)
)
= F e+e− − i
2
(λ˜+ζ− + λ˜−ζ+) e− +
i
2
(λ+ζ˜+ + λ−ζ˜+) e+ +M ζ−ζ˜+ −M∗ ζ+ζ˜−
(167)
we obtain the ordinary BRST algebra of an N=2 supersymmetric gauge theory. We do not
dwell on this trivial point.
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STEP 2
The second step is the delicate one. In two dimensions the Lorentz group is O(1, 1) which
becomes O(2) after Wick-rotation. Let us name JS the Lorentz generator: the eigenvalues s
i
of this operator are the spins of the various fields ϕi. The number si appears in the Lorentz
covariant derivative of the field ϕi:
∇ϕi = dϕi − si ω ϕi (168)
The automorphism group of the supersymmetry algebra that can be used to redefine the Lorentz
group is the R-symmetry group U(1)L ⊗ U(1)R. Denoting by JL , JR the two R-symmetry
generators, we redefine the Lorentz generator according to the formula:
J
′
S = JS +
1
2
[ JR ± JL ] (169)
Correspondingly the new spin quantum number is given by:
s
′
= s +
1
2
[ qR ± qL ] (170)
The choice of sign in eq.s (169), (170) corresponds to the existence of two different topological
twists for the same N=2 theory. Following Witten [8] they will be named the A-twist, leading
to the A-model (upper choice of the sign) and the B-twist, leading to the B-model (lower
choice of the sign). It might seem arbitrary to restrict the possible linear combinations of the
operators JS, JL and JR to those in eq.s (169), (170), but, actually, these are the only possible
ones if we take into account the following requirements. In the gravitational sector the spin
redefinition must transform N=2 supergravity into topological gravity, hence the spins of the
vielbein e± must remain the same before and after the twists: this fixes the coefficient of JS
to be equal to one as in eq. (169). Furthermore, of the four gravitino 1-forms ζ+, ζ−, ζ˜+, ζ˜−,
two must acquire spin s = 1 and s = −1, respectively, and the other two must have spin zero.
This is so because two of the gravitinos have to become the topological ghosts corresponding
to continuous deformations of the vielbein (so they must have the same spins as the vielbein)
while the other two must be the gauge fields of those supersymmetry charges that, acquiring
spin zero, can be used to redefine the BRST-charge. These constraints have two solutions:
indeed they fix the coefficients of JL and JR to the values displayed in eq.s (169), (170), the
choice of sign distinguishing the two solutions.
STEP 3
Naming QBRS the BRST-charge of the original gauge theory andQ
±, Q˜± the supersymmetry
charges generating the transformations of parameters ε±, ε˜±, whose corresponding gauge fields
are the gravitinos ζ±, ζ˜±, we realize that in the A-twist the spinless supercharges are Q− and
Q˜+ while, in the B-twist they are Q+ and Q˜+. In both cases the two spinless supercharges
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anticommute among themselves and with the BRST-charge so that we can define the new
BRST-charge of the topological theory according to the formula:
Q
′
BRS = QBRS ∓ Q∓ + Q˜+ (171)
The choice of signs in eq. (171) is just a matter of convention: once more the upper choice of
sign corresponds to the A-twist while the lower corresponds to the B-twist. The physical states
of the topological theory are the cohomology classes of the operators (171).
STEP 4
What matters in the definition of the ghost number are the differences of ghost numbers for
the fields related by a BRST-transformation. Indeed ghost number is one of the two gradings
in a double elliptic complex. Hence to all the fields we must assign an integer grading which
has to be increased of one unit by the application of the BRST-charge (or Slavnov operator).
In other words Q
′
BRS must have ghost-number gh = 1. These requirements are satisfied if,
for the redefinition of the ghost number gh
′
= gh + F , we use the generator F of some U(1)
symmetry of the original N=2 theory with respect to which all the fields have integer charges
and in particular the new BRST-generator (175) has charge qBRST = 1: furthermore the two
gravitinos that acquire the same spin as the vielbein and become the ghosts of topological
gravity must have gh
′
= 1. In this case, the action, being invariant under the chosen symmetry,
has ghost number gh
′
= 0. This is the situation that can be realized in the A-twist. In the
B-twist the situation is more complicated since there is no symmetry of the original theory that
satisfies all the requirements: yet ghost-numbers can be consistently assigned to all the fields
in such a way that (−1)gh′ does anticommute with the new BRST-charge. The action however
has no fixed ghost number, rather it is the sum of terms having different values of gh
′
. However
modulo BRST-exact terms, ghost-number is conserved since, modulo these terms, the action
has a fixed ghost number ghaction = −2.
We examine first the situation for the A-twist. In this case, naming #gh the ghost number
of the original gauge theory, we fulfill all the desired properties if we define the ghost number
of the topological theory according to the formula:
#gh
′
= #gh + qL − qR (172)
In this case the U(1) symmetry utilized to redefine the ghost-number is generated by F =
JL − JR and it is a subgroup of the R-symmetry group U(1)L ⊗ U(1)R.
In the B-twist case, the new ghost numbers are defined as follows. For the fields belonging
to the N=2 gauge multiplet we set:
#gh
′
= #gh − qL − qR (173)
while for the fields in the chiral matter multiplet, we put:
#gh
[
X i
]
= 0
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#gh
[
X i
∗
]
= 0
#gh
[
ψi
∗
+ ψ˜i
∗
]
= 1
#gh
[
ψi
∗ − ψ˜i∗
]
= −1
#gh
[
ψi
]
= 1
#gh
[
ψ˜i
]
= 1 (174)
The spin and charge assignments, before and after the twist, in the N=2 abelian gauge theory
are summarized in table I. In this table the fermions ψi
∗
and ψ˜i
∗
appear with non diag. on
the ghost-number column of the B-twist because their gh-number is undefined: indeed as it
appears from eq. (174) only their sum and difference have a well-defined ghost-number. The
same will happen for the corresponding fields of the N=4 theory.
As a preparation to STEP 5, namely the identification of the topological BRST-algebras and
theories generated by the twists, we consider the explicit form of the BRST-transformations
of all the fields. In view of a very simple and powerful fixed point theorem due to Witten
[8] we also recall that the topological theory, besides being BRST-invariant with respect to
the supercharge (171) has also a supergroup (0|2) of fermionic symmetries commuting with
the BRST-transformations and generated by the two spinless supercharges utilized to redefine
the BRST-charge. Hence while writing the topological BRST-transformations we write also the
(0|2)-transformations. As Witten pointed out the topological functional integral is concentrated
on those configurations that are a fixed point of the (0|2)-transformations: these are the true
instantons of our theory and can be read from the formulae we are going to list.
In the A-twisted case the BRST-charge is given by:
Q
(A)
BRS = Q
(gauge)
BRS − Q− + Q˜+ (175)
Correspondingly we rename the supersymmetry parameters as follows:
−ε− = α
ε˜+ = α
′
α(A) = ε˜+ = ε− = αg (176)
where αg is the nilpotent BRST-parameter associated with the original gauge symmetry and
α(A) is the BRST-parameter of the A-twisted model. The parameters α and α
′
correspond to
the two fermionic nilpotent transformations, commuting with the BRST transformations and
generating the (0|2) supergroup of exact symmetries of the topological action. Using the above
conventions the form of the BRST-transformations and of the (0|2) symmetries in the A-twisted
version of the N=2 gauge coupled Landau-Ginzburg model is given by the following formulae:
δA+ = α(A)
(
− i
2
λ− + ∂+c
gauge
)
= − i
2
αλ− + αg ∂+c
gauge
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δA− = α(A)
(
− i
2
λ˜+ + ∂−c
gauge
)
= − i
2
α
′
λ˜+ + αg ∂−c
gauge
δM = 0
δM∗ =
1
4
α(A)
(
λ+ + λ˜−
)
=
1
4
(
αλ+ + α
′
λ˜−
)
δλ+ = α(A)
( F
2
− iP
)
= α
′
( F
2
− iP
)
δλ− = −2i α(A) ∂+M = −2i α ∂+M
δλ˜+ = −2i α(A) ∂−M = −2i α′ ∂−M
δλ˜− = α(A)
( F
2
− iP
)
= α
( F
2
− iP
)
δP = α(A) 1
4
[
−∂+ λ˜+ + ∂−λ−
]
=
1
4
[
−α ∂+ λ˜+ + α′ ∂−λ−
]
δX i = α(A)
(
ψi + i cgauge qijX
j
)
=
(
αψi + i αgc
gauge qijX
j
)
δX i
∗
= α(A)
(
ψ˜i
∗ − i cgauge qijXj
∗
)
=
(
α
′
ψ˜i
∗ − i αgcgauge qijXj
∗
)
δψi = α(A)
(
iM qijX
j + i cgauge qijψ
j
)
=
(
i α
′
M qijX
j + i αg c
gauge qijψ
j
)
δψ˜i = α(A)
(
i
2
∇−X i + ηij∗ ∂j∗W ∗ + i cgauge qijψ˜j
)
=
(
α
′ i
2
∇−X i + α ηij∗ ∂j∗W ∗ + i αg cgauge qijψ˜j
)
δψi
∗
= α(A)
(
− i
2
∇+X i + ηi∗j ∂jW − i cgauge qi∗j∗ψj
∗
)
=
(
−α i
2
∇+X i + α′ ηi∗j ∂jW − i αg cgauge qi∗j∗ψj
∗
)
δψ˜i
∗
= α(A)
(
iM qi
∗
j∗X
j∗ + i cgauge qi
∗
j∗ψ˜
j∗
)
=
(
−i αM qi∗j∗Xj
∗
+ i αg c
gauge qi
∗
j∗ψ˜
j∗
)
(177)
On the other hand in the B-twisted version of the same N=2 theory, the BRST-charge is
given by:
Q
(A)
BRS = Q
(gauge)
BRS + Q
+ + Q˜+ (178)
In view of eq. (178) and of our previous discussion of the ghost number, in the B-twist case,
we rename the supersymmetry parameters as follows:
1
2
(
ε+ + ε˜+
)
= α
1
2
(
ε+ − ε˜+
)
= α
′
α(B) = ε˜+ = ε+ = αg (179)
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α(B) being the new BRST-parameter and α, α
′
the parameters of the (0|2) fermionic supergroup
relevant to this case. With these notations the BRST-transformations and (0|2) symmetries of
the B-model are the following:
δA+ = α(B)
(
− i
2
λ− + ∂+c
gauge
)
= − i
2
(α− α′) λ− + αg ∂+cgauge
δA− = α(B)
(
i
2
λ˜− + ∂−c
gauge
)
= − i
2
(α− α′) λ˜− + αg ∂−cgauge
δM = α(B)
1
4
λ− = (α + α
′
)
1
4
λ−
δM∗ = α(B)
1
4
λ˜− = (α− α′)1
4
λ˜−
δλ+ = α(B)
[
(F − iP ) − 2i∂+M∗
]
=
[
(α− α′) (F − iP ) − 2i (α+ α′) ∂+M∗
]
δλ− = 0
δλ˜+ = α(B)
[
(F + iP ) − 2i∂−M
]
=
[
(α + α
′
) (F − iP ) − 2i (α− α′) ∂−M
]
δλ˜− = 0
δP = α(B) 1
4
[
−∂+ λ˜− + ∂−λ−
]
=
1
4
[
− (α + α′) ∂+ λ˜− + (α− α′) ∂−λ−
]
δX i = α(B)
[
i cgauge qijX
j
]
=
[
i αgc
gauge qijX
j
]
δX i
∗
= α(B)
[
ψi
∗
+ ψ˜i
∗
+ i cgauge qijX
j∗
]
=
[
(α + α
′
)ψi
∗
+ (α− α′)ψ˜i∗ + i αgcgauge qijXj
∗
]
δψi = α(B)
[
−i1
2
∇+X i + iM qijXj + i cgauge qijψj
]
=
[
−i (α + α′)1
2
∇+X i + i (α− α′)M qijXj + i αg cgauge qijψj
]
δψ˜i = α(B)
[
−i1
2
∇−X i − iM∗ qijXj + i cgauge qijψ˜j
]
=
[
−i (α− α′)1
2
∇−X i + i (α + α′)M qijXj + i αg cgauge qijψj
]
δψi
∗
= α(B)
[
ηi
∗j ∂jW − i cgauge qi∗j∗ψj
∗
]
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=[
(α− α′) ηi∗j ∂jW − i αg cgauge qi∗j∗ψ˜j
∗
]
δψ˜i
∗
= α(B)
[
− ηi∗j ∂jW + i cgauge qi∗j∗ψ˜j
∗
]
=
[
(α + α
′
) ηi
∗j ∂jW + i αg c
gauge qi
∗
j∗ψ˜
j∗
]
(180)
To discuss the topological twists of the N=4 matter coupled gauge theory it might seem nec-
essary to write down the analogues of eq.s (179 ) and (180) as they follow from the rheonomic
parametrizations of the N=4 theory (see eq.s (112) and (118)). Actually this is not necessary
since the N=4 model is just a particular kind of N=2 theory so that the BRST-transformations
relevant to the N=4 case can be obtained with a suitable specialization of eq.s (179 ) and (180),
according to what shown in section XIII.
Using eq.s (132) and (133) in the general formulae (51) for the R-symmetries of the N=2
theory we obtain a result that coincides with the assignments of R-charges given in table II. In
this table the charge assignements were deduced by restricting the non-abelian U(2)L ⊗ U(2)R
R-symmetry group of the N=4 theory to its abelian subgroup U(1)L⊗U(1)R, generated by the
two third components of the SU(2)L⊗SU(2)R isospin generators. As a consequence the twisted
spins and twisted ghost numbers displayed in table II can be alternatively deduced from the
N=4 formulae (159) or from the N=2 formulae (51), upon use of the special values of d and ωA
given in eq. (132) and (133).
In this way we have completly reduced the twisted N=4 models to special instances of the
twisted N=2 models, the crucial point being the identification of the superpotential (131). From
now on we discuss the structure of the twisted models in the N=2 language. The next point is
the analysis of STEP 5: we devote the next section to this.
17 Identification of the topological systems described
by the A and B models
In this section we consider the interpretation of the topological field-theories described by the
A and B models.
THE A-MODEL
We begin with the A model. To this effect we start by recalling the structure of a pure
topological Yang-Mills theory [18]. In any space-time dimensions the field-content of this theory
is given by table III, where A = Aµ dx
µ is the gauge-field, ψ = ψµ dx
µ the ghost of the topological
symmetry, c = cgauge the ghost of the ordinary gauge symmetry and φ the ghost for the
ghosts (indeed the ghost 1-form ψ is, by itself a gauge field). These fields enter the gauge-free
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topological BRST-algebra that has the following form:
sA = − (Dc + ψ )
s F = Dψ − [ c , F ]
s c = φ − 1
2
[ c , c ]
s ψ = Dφ − [ c , φ ]
s φ = − [ c , φ ] (181)
The above algebra follows from the ghost-form Bianchi identities:
dˆ Fˆ +
[
Aˆ , Fˆ
]
= 0 (182)
where
Aˆ = A + c
Fˆ = dˆAˆ +
1
2
[
Aˆ , Aˆ
]
dˆ = d + s (183)
by removing the BRST-rheonomic conditions
Fˆ = Fab V
a ∧ V b (184)
that characterize the BRST quantization of the ordinary gauge-theory. Indeed if we write the
decomposition:
Fˆ = F(2,0) + F(1,1) + F(0,2) (185)
and we remove the BRST-rheonomic conditions (184) that imply F(1,1) = F(0,2) = 0 we see
that eq.s (181) follow from eq. (182) upon use of the identifications:
ψ = −F(1,1)
φ = −F(0,2)
(186)
The other fields appearing in table III are either antighosts or auxiliary fields. Indeed the com-
plete, gauge-fixed topological BRST-algebra is obtained by adjoining to eq.s (181) the following
ones:
s c¯ = b
s ψ¯ = T
s φ¯ = η¯
(187)
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where c¯, ψ¯, φ¯ are the antighosts and T and η¯ are the auxiliary fields, as displayed in table III.
Actually rather than ψ¯ and T it is more convenient to use, as antighost and auxiliary field the
functionals χ¯ and B defined by the following equations
χ¯ = dxµ ∧ dxν χ¯µν = D ψ¯
B = dxµ ∧ dxν Bµν = −DT −
[
Dc , ψ¯
]
−
[
ψ , ψ¯
]
(188)
in such a way that:
s χ¯ = B (189)
is an identity.
In the quantum action, b is the Lagrangian multiplier for the gauge-fixing of the ordinary
gauge transformations, while Tµ (or rather its functional Bµν) is the Lagrangian multiplier
associated with the gauge-fixing of the topological symmetry. Finally η¯ is utilized to gauge fix
the gauge invariance of the topological ghost ψµ. Indeed the quantum action has the form:
Squantum = Sclass +
∫
M4
s (Ψtopol + Ψgauge + Ψghost) (190)
where the gauge fermion is the sum of a gauge fermion fixing the topological symmetry
(Ψtopol), plus one fixing the ordinary gauge symmetry (Ψgauge), plus a last one fixing the
gauge of the ghosts. In D=4 the classical action is the integral of the first Chern-class
Sclass =
∫
tr (F ∧ F ), while in D=2 as classical action one takes the integral of the field
strength in the direction of the center of the gauge Lie-algebra Sclass =
θ
2Π
∫
Fcenter. The topo-
logical gauge-fixing must break the invariance under continuous deformations of the connection
still preserving ordinary gauge-invariance. In four-dimensions a convenient gauge condition
that satisfies this requirement is provided by enforcing self-duality of the field strength (the
instanton condition). Setting:
G±µν = Fµν ±
1
2
εµνρσF
ρσ (191)
the four-dimensional topological gauge-fixing can be chosen to be:
G+µν = 0 (192)
In two-dimensions, eq.(191) has no meaning and the topological gauge-fixing (192) can just
be replaced by the condition of constant curvature (Fcenter = const) where, as already stated,
Fcenter denotes the field strenght of the gauge group restricted to the center of the Lie-algebra,
namely the only components of the field-strength that, being gauge invariant, can be given
a constant value. This makes sense under the assumption that, within the set of all gauge-
connections characterized by the same first Chern-class
∫
Fcenter (value of the classical action),
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there is always at least one that has a constant field strength in the center-direction and a
vanishing field-strength in the other directions (almost flat connections). Hence we set:
Ψtopol = tr { χ¯ρσ (Fµν + const εµν ) gρµ gσν }
Ψgauge = tr { c¯ ( ∂ρAµ gρµ + b ) }
Ψghost = tr
{
φ¯ ∂ρ ψµ g
ρµ
}
(193)
fixing the ordinary gauge symmetry of the physical gauge-boson Aµ and of the topological ghost
ψµ by means of the Lorentz gauge. As we see c¯ is the antighost of ordinary gauge-symmetry,
while φ¯ is the antighost for the gauge symmetry of the topological ghost ψ.
In the case the topological Yang-Mills theory is coupled to some topological matter system,
the gauge-fixing of the topological gauge-symmetry can be achieved by imposing that the field-
strength F = F (center)+− be equal to some appropriate function of the matter fields:
F = 2iP(X) (194)
In this case we can also suppress the auxiliary field B and replace the antighost part of the
BRST-algebra with the equations:
s c¯ = b
s χ¯+− =
(
1
2
F − iP
)
s φ¯ = η¯ (195)
that substitute eq.s (187). Correspondingly, the gauge-fermion Ψtopol of eq. (193) can be
replaced with:
Ψtopol = 2χ¯+−
(
1
2
F + iP
)
(196)
It is now worth noting that, for consistency with the BRST algebra (181), if we define the
2-form Θ(2) = 2iP(X,X∗) e+ ∧ e−, we must have sΘ(2) = dψ(center). Indeed, by restriction to
the center of the Lie-algebra we obtain an abelian topological gauge theory, for which s F = dψ.
Reconsidering the supersymmetry transformation rules of the gauge multiplet (16) and the rules
of A-twisting, we realize that the property required for the function P(X,X∗) is satisfied by
the auxiliary field P of the gauge multiplet, provided we identify ψ = i
2
(
λ˜− e− + λ+ e+
)
. This
is correct since, by: looking at table I and at eq.s (177) we recognize that a subset of the fields
does indeed describe a topological Yang-Mills theory upon the identifications:
ψ =
i
2
(
λ˜− e− + λ+ e+
)
φ = M
φ¯ = M∗
η¯ =
1
2
(
λ˜+ + λ+
)
χ¯+− =
1
2
(
λ˜+ − λ−
)
(197)
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We also see that the descent equations:
sΘ(2) = dΘ(1)
sΘ(1) = dΘ(0)
sΘ(0) = 0 (198)
are solved by the position:
Θ(2) = 2iP e+ ∧ e− = 2iP(X,X∗) e+ ∧ e−
Θ(1) = ψ =
i
2
(
λ˜− e− + λ+ e+
)
Θ(0) = φ = M (199)
so that the quantum action of the topological gauge-theory (190) can be topologically deformed
by:
Squantum −→ Squantum − i r
∫
Θ(2) (200)
Altogether we see that the classical action Sclass =
θ
2Π
∫
Fcenter, plus the topological deforma-
tion −i r ∫ Θ(2) constitute the Fayet-Iliopoulos term, while the remaining terms in the action
(22) are BRST-exact and come from the gauge-fixings:
s
∫ [
χ¯+−
(F
∈ − iP
)
+ φ¯ (∂+ψ− + ∂−ψ+)
]
(201)
On the other hand the matter multiplets with their fermions span a topological σ-model
[19] coupled to the topological gauge-system. The topological symmetry, in this case, is the
possibility of deforming the embedding functions X i(z, z¯) in an arbitrary way. Correspondingly,
in the absence of gauge couplings, the gauge-free topological BRST-algebra is very simple:
sX i = ci
sX i
∗
= ci
∗
s ci = 0
s ci
∗
= 0 (202)
ci and ci
∗
being the ghost of the deformation-symmetry. In the presence of a coupling to a
topological gauge-theory, defined by the covariant derivative:
∇X i = dX i − iA qijXj (203)
the gauge-free BRST-algebra of the matter system becomes:
sX i = ci − i cg qij Xj
sX i
∗
= ci
∗
+ i cg qij X
j∗
s ci = i qij
(
cj cg + Xj φ
)
s ci
∗
= i qij
(
cj
∗
cg + Xj
∗
φ
)
(204)
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the last two of eq.s (204) being uniquely fixed by the nilpotency s2 = 0 of the Slavnov operator.
Comparing with eq.s (177) we see that, indeed, eq.s (196) are reproduced if we make the
following idenfications:
ci = ψi
ci
∗
= ψ˜i
∗
(205)
The remaining two fermions are to be identified with the antighosts:
c¯i = ψ˜i
c¯i
∗
= ψi
∗
(206)
and their BRST-variation, following from eq.s (177) yields the topological gauge-fixing of the
matter sector:
s c¯i = i qij c¯
j cg + ηij
∗
∂j∗ W
∗ +
i
2
∇−X i
s c¯i
∗
= −i qij c¯j
∗
cg + ηi
∗j ∂j∗ W
∗ − i
2
∇+X i (207)
Following Witten [8] and [2] we easily recover the interpretation of the ”instantons” encoded
in the topological gauge-fixings dictated by eq.s (207) and (195). Indeed we just recall that the
functional integral is concentrated on those configurations that are a fixed point of the (0|2)
supergroup transformations. Looking at eq.s (177) we see that such configurations have all the
ghosts and antighosts equal to zero while the bosonic fields satisfy the following conditions:
ηij
∗
∂j∗ W
∗(X∗) = 0
ηi
∗j ∂jW (X) = 0
∇−X i = 0
∇+X i∗ = 0
F = 2iP = −i
[
DX(X,X∗) − r
]
(208)
where DX (X,X∗) = ∑i qi|X i|2 is the momentum map function defined in section V. Hence
the instantons are holomorphic maps from the world-sheet to a locus in Cn characterized by
the equations ηi
∗j ∂jW (X) = 0. In the case chosen by Witten and reviewed in section IX where
W (X) = P W(Si), this locus is the hypersurface W(Si) = 0, (P = 0) in a weighted projective
space WCPn−2, the weights of the homogeneous coordinates S
i being their charges. In other
words the instantons are holomorphic solutions of the corresponding N = 2 σ-model. The
value of the action on these instantons has been calculated by Witten and the results is easily
retrieved in our notations. Indeed the Lagrangian (29) restricted to the bosonic fields of zero
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ghost-number is given by:
Lnoghost = 1
2
F2 + 2P2 + θ
2π
F
− (∇+X i∗∇−X i +∇−X i∗∇+X i) + 2P D(X,X∗) − 2 rP (209)
Using eq.s (208) and [∇− , ∇+ ] X i = iF qij Xj, we obtain:∫
Lnoghost =
(
θ
2π
+ i r
) ∫
F = 2πi tN (210)
where N is the winding number and the parameter t was defined in eq. (21).
THE B-MODEL
In order to identify the system described by the B-model we discuss the structure of a
topological Landau-Ginzburg theory [3] coupled to an ordinary abelian gauge theory. To this
effect we begin with the structure of a topological rigid Landau-Ginzburg theory. The rigid
Landau-Ginzburg model was defined in section VII and it is described by the action (53). It
has the R-symmetries (55) and it is N=2 supersymmetric under the transformations following
from the rheonomic parametrizations (54). The rigid topological Landau-Ginzburg model has
the same action (53), but the spin of the fields is changed, namely it is that obtained by B-
twisting: the scalar fields X i and X i
∗
mantain spin-zero as in the ordinary model, while the
spin 1/2 fermions acquire either spin zero or spin ±1. Specifically ψi∗ , ψ˜i∗ have both spin zero,
while ψi and ψ˜i have spin s = 1 and s = −1, respectively. In view of this fact it is convenient
to introduce the new variables:
C i
∗
= ψi
∗
+ ψ˜i
∗
C¯ i =
(
C¯ i+ e
+ + C¯ i− e
−
)
=
(
ψi e+ + ψ˜i e−
)
θi
∗
= ψi
∗ − ψ˜i∗ (211)
and rewrite the action (53) in the form:
L(topolLG) = −
(
∂+X
i∗ ∂−X
i + ∂−X
i∗ ∂+X
i
)
+ 2i
(
C¯ i+ ∂−C
i∗ + C¯ i− ∂+C
i∗
)
+ 2i
(
C¯ i+ ∂−θ
i∗ − C¯ i− ∂+θi
∗
)
+ 8 C¯ i+ C¯
i
− ∂i∂jW + 4C i
∗
θj
∗
∂i∗∂j∗W¯
+ 8 ∂iW ∂i∗W¯ (212)
If we denote by [Ω]∗ = Ω+e
+ − Ω−e− the Hodge-dual of the 1-form Ω = Ω+e+ + Ω−e−, then
the action (212) can be rewritten in the following more condensed form:
StopolLG =
∫
L(topolLG) e+ ∧ e−
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=
∫ {
dX i ∧
[
dX i
∗
]
∗
+ 2i C¯ i ∧
[
dC i
∗
]
∗
+ 4 C¯ i ∧ C¯j ∂i∂jW + 2i dC¯ i θi∗
+ 4
{
C i
∗
θj
∗
∂i∗∂j∗W¯ + 2 ∂iW ∂i∗W¯
}
e+ ∧ e−
}
(213)
and it is closed under the following BRST-transformations:
sX i = 0
sX i
∗
= C i
∗
sC i
∗
= 0
s θi
∗
= 2ηi
∗j ∂jW
s C¯ i = − i
2
dX i (214)
where we have assigned ghost number #gh = 0 to the physical fieldsX i and X i
∗
, #gh = 1 to the
ghost C i
∗
and #gh = −1 to the antighost, namely the 0-form θi∗ and the 1-form C¯ i. In this way
the gauge-free BRST-algebra is given by the first three of eq.s (214): it quantizes a symmetry
which corresponds to a deformation of the complex structure of the target coordinates X i , X i
∗
.
The variation of the antighosts defines the gauge-fixings:
∂iW (X) = 0
dX i = 0 (215)
that select, as “instantons”, the constant maps (dX i = 0) from the world-sheet to the critical
points (∂iW (X0) = 0) of the superpotential W. The action (213) is the sum of a BRST
non-trivial part:
Ω(−2) [W ] =
∫ [
4 C¯ i ∧ C¯j ∂i∂jW + 2i C¯ i ∧ dθi∗
]
(216)
that is closed (sΩ(−2) = 0), but not exact (Ω(−2) 6= s(something)) and has ghost-number
#gh = −2, plus two BRST exact terms:
K
(Kin)
(0) =
∫ {
dX i ∧
[
dX i
∗
]
∗
+ 2i C¯ i ∧
[
dC i
∗
]
∗
}
= s
∫
Ψ(Kin) = s
∫
2i C¯ i ∧
[
dX i
∗
]
∗
K
(W )
(0) =
∫
4
{
C i
∗
θj
∗
∂i∗∂j∗W¯ + 2 ∂iW ∂i∗W¯
}
e+ ∧ e−
= s
∫
Ψ(W ) = s
∫
4 ∂j∗W¯ θj∗ e+ ∧ e− (217)
that have ghost-number #gh = 0 and correspond to the BRST-variation of the gauge-fermions
associated with the two gauge-fixings (215). As already pointed out the rigid topological Landau-
Ginzburg model has been extensively studied in the literature. Here we are interested in the case
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where the topological Landau-Ginzburg model is coupled to an ordinary abelian gauge theory.
Under this circonstance the BRST-algebra (214) is replaced by:
sA′ = dcg
s F
′
= 0
s cg = 0
sX i = i cg qij X
j
sX i
∗
= C i
∗ − i cg qij Xj
∗
sC i
∗
= i cg qij C
j∗
s θi
∗
= 2ηi
∗j ∂jW − i cg qij θj
∗
s C¯ i = − i
2
∇X i + i cg qij C¯j (218)
where ∇(...)i = d(...)i + i A′ qij (...)j denotes the gauge covariant derivative and the superpo-
tential W(X) of the rigid theory has been replaced by W (X), namely the superpotential of
the gauged-coupled model. The action (213) is also replaced by a similar expression where the
ordinary derivatives are converted into covariant derivatives.
The topological system emerging from the B-twist of the N=2 model discussed in the present
article is precisely a Landau-Ginzburg model of this type: in particular, differently from the
case of the A-twist, there is no topological gauge theory, rather an ordinary gauge theory plus
a topological massive vector. The identification is better discussed at the level of the BRST-
algebra comparing eq.s (218) with eq.s (180) after setting:
A′ = [A+ + 2iM ] e+ + [A− − 2iM∗] e−
B = M e+ + M∗ e−
ψ(mass) =
1
4
(
λ− e+ + λ˜− e−
)
χ¯ = λ+ + λ˜+
χ¯(mass) =
i
2
[
λ+ − λ˜+
]
C i
∗
= ψi
∗
+ ψ˜i
∗
θi = ψi
∗ − ψ˜i∗
C¯ i = ψi e+ + ψ˜i e− (219)
With these definitions the BRST-transformations of eq.s (180) become indeed identical with
those of eq.s (218) plus the following ones:
sB = ψ(mass)
s ψ(mass) = 0
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s χ¯(mass) = P(X,X∗) + (∂+B− − ∂−B+)
s χ¯ = F ′ (220)
The first two of eq.s (220) correspond to the gauge-free BRST-algebra of the topological massive
vector, ψ(mass) being the 1-form ghost associated with the continuous deformation symmetry of
the vector B. The second two of eq.s (220) are BRST-transformations of antighosts and the left
hand side defines the gauge-fixings of the massive vector and gauge vctor, respectively, namely:
P(X,X∗) + (∂+B− − ∂−B+) = 0
F ′ = ∂+A− − ∂+A+ = 0 (221)
Actually, looking at eq.s (180) we realize that the configurations corresponding to a fixed point
of the (0|2) supergroup are characterized by all the fermions ( = ghosts + antighosts) equal to
zero and by:
M =M∗ = 0 =⇒ B = 0
F = 0 =⇒ F ′ = 0
P(X,X∗) = 0
ηi
∗j ∂jW (X) = 0
dX i = 0 (222)
Hence in the B-twist the functional integral is concentrated on the constant maps from the
world-sheet to the extrema of the classical scalar potential (33). As we have seen, in the
A-twist the functional integral was concentrated on the holomorphic maps to such extrema:
furthermore, in the A-twist the classical extrema were somewhat modified by the winding
number effect since the equation P = 0 was replaced by P = − i
2
F . In the B-twist no
instantonic effects modifies the definition of classical extremum. The extrema of the scalar
potential can be a point (Landau-Ginzburg phase) or a manifold (σ-model phase). The B-twist
selects the constant maps in either case, and the A-twist selects the holomorphic maps in either
case. However, in the Landau-Ginzburg phase the holomorphic maps to a point are the same
thing as the constant maps, so that, in this phase the instantons of the A-model coincide with
those of the B-model.
In the case of those N=2 theories that are actually N=4 theories, there is only the σ-model
phase, as we have already pointed out, and the above coincidence does not occur.
18 Topological Observables of the A and B models and
HyperKa¨hler quotients
Having identified the topological theories produced by the A and B twists, let us consider their
meaning in relation with the HyperKa¨hler quotient construction.
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We recall that in any 2D topological field-theory the key objects are the solutions of the
descent equations (198). Indeed they provide the means to deform the topological action
according to the generalization of eq. (200) :
Squantum −→ Squantum +
∑
A
tA
∫
Θ
(2)
A (223)
Θ
(2)
A being a complete base of solutions to eq. (198), and to study the deformed correlation
functions:
cA1,A2,...AN (t) =< Θ
(0)
A1
, ...., Θ
(0)
AN
exp
[∑
A
tA
∫
Θ
(2)
A
]
> (224)
In the case of the A-twist we have seen that a solution of the descent eq. (198) is associated
with each abelian factor of the gauge group and it is given by eq.(199). A set of topological
deformations of the action are therefore proportional, in the A-model, to the r-parameters of
the N=2 Fayet-Iliopoulos terms. In the N=4 case where the effective σ-model target space
Mtarget, namely the locus of the scalar potential extrema
M = 0 ; D3 (XX∗) = r ; ∂iW (X) = 0 −→
{
N = 0
D+(u, v) = s (225)
is equal to the HyperKa¨hler quotient D−1(ζ)/G of flat space with respect the triholomorphic
action of the gauge group G, the topological observables of the A-model associated with the
r-parameters correspond to the Ka¨hler structure deformations of of Mtarget. To see this it
suffices to recall the way the Ka¨hler potential of the quotient manifold D−1(ζ)/G is determined
(see eq. s (91 ), (90). Let K = 1
2
∑
i (u
i∗ ui + vi
∗
vi) be the Ka¨hler potential of flat space
and D3(u, u¯, v, v¯) be the real, non-holomorphic part of the momentum map. By definition
both K and D3 are invariant under the action of the isometry group G but not under the
action of its complexification Gc. On the other hand the holomorphic part D+(u, v) of the
momentum-map is invariant not only under G, but also under Gc: furthermore one shows
that the quotient manifold D−1(ζ)/G is the same thing as the quotient H = D+(u,v)=s
G
of the
holomorphic hypersurface D+(u, v) = s (s = ζ1 + iζ2, being the complex level parameters)
modded by the action of Gc. Naming eV ∈ Gc an element of this complexified group eq. (90)
specializes in our case to the following equation:
D3
(
e−V {u, v}
)
= r (226)
and it is true equation on the hypersurface H = D+(u,v)=s
Gc
. Then in agreement with eq. (91)
the Ka¨hler potential of the HyperKa¨hler quotient manifold D−1(ζ)/G is :
Kˆ = K|H
(
e−V {u, v}
)
+ r V (227)
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Consequently a variation of the r parameters uniquely affects the Ka¨hler potential, the quotient
H = D+(u,v)=s
Gc
, as an analytic manifold, being insensitive to such a variation. Summarizing the
A-model is a cohomological theory in the moduli space of Ka¨hler structure deformations.
Before addressing the structure of observables in the B-model it is also worth discussing the
general form of observables in any topological theory described by the BRST-algebra (204) and
coupled to a topological gauge-theory (181). In a topological σ-model the observables, namely
the solutions of the descent equations (198) are in correspondence with the cohomology classes
of the target-manifold. If ω(n) = ωi1,...,in(X) dX
i1 ∧ ..... dX in is a closed n-form dω(n) = 0,
we promote it to a ghost-form ωˆ(n) by substituting d −→ d + s, dX i −→ dX i + ci then by
expanding this ghost-form into addends of definite ghost number ωˆ(n) =
∑n
g=0 ωˆ
(n−g)
(g) we solve
the descent equations by setting Θ(2) = ωˆ
(2)
(n−2), Θ
(1) = ωˆ
(1)
(n−1), Θ
(0) = ωˆ
(0)
(n). (Note that in
this discussion, for simplicity, we do not distinguish holomorphic and antiholomorphic indices).
In a similar way in the topological model described by eq.s (204), (181), the solutions of the
descent equations are in correspondence with the antisymmetric constant tensors ai1,....,in that
are invariant under the action of the gauge-group, namely that satisfy the condition:
ap,[i2,....,in q
p
i1]
= 0 (228)
Indeed, setting
∇ˆ = dˆ − i q Aˆ
= (d + s) − i q (A + cg)
= ∇(1,0) + ∇(0,1)
= (d − iA q) + (s − i cg q) (229)
we obtain ∇ˆ2 = −i Fˆ q and to every invariant antisymmetric tensor we can associate the dˆ-
closed ghost-form ωˆ = ai1,....,in∇ˆX i1 ...... ∇ˆX in. Expanding it in definite ghost-number parts,
the solution of the descent equations is obtained in the same way as in the σ-model case.
Let us now turn our attention to the B-model, which describes a topological gauge-coupled
Landau-Ginzburg theory. Here the topological observables are in correspondence with the
symmetric invariant tensors, rather than with the antisymmetric ones. To see it we recall the
solutions of the descent equations in the case of the topological rigid Landau-Ginzburg model:
in this case the topological observables are in correspondence with the elements of the local
polynomial ring of the superpotential RW = C(X)∂W . Indeed, let P (X) ∈ RW be some non
trivial polynomial of the local ring, a solution of the descent equations (198) is obtained by
setting:
ΘP = P (X)
Θ
(1)
P = −2 i∂i P C¯ i
Θ
(2)
P = −2 ∂i∂jP C¯ i ∧ C¯j − 4
[
∂kP ∂l∗W¯ η
kl∗
]
e+ ∧ e− (230)
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The reason why P (X) has to be a non trivial element of the local ring is simple. If P (X) were
proportional to the vanishing relations (i.e. if P (X) =
∑
i p
i(X) ∂W
∂Xi
), then using the BRST
transformations (214), one could see that P (X) = sK and so ΘP would be exact. (For the
proof it suffices to set K = pi(X)1
2
θj
∗
ηij∗ .) In our case where the Landau-Ginzburg theory
is gauged-coupled and the BRST-transformations are given by eq.s (218), the solution of the
descent equations has the same form as in eq.(230), provided the polynomial P (X) has the
form
P (X) = si1,...,in X
i1......X in (231)
the symmetric tensor si1,...,in being gauge invariant:
sp,{i2,....,in q
p
i1}
= 0 (232)
and such that P (X) is a non-trivial element of the the ring RW . Consider now the case of N=4
theories, where the superpotential is given by eq. (131), and consider the polynomial:
Ps(X
A) = cost n (233)
which is gauge-invariant (n is neutral under the gauge-group) and non-trivial with respect to
the vanishing relations ∂
∂XA
W (XA) ≈ 0. The corresponding two-form is easily calculated from
eq.s (230). We obtain:
Θ
(2)
Ps
= 2 cost
(
s∗ − iD− (u¯ , v¯ )
)
e+ ∧ e− (234)
Hence a topological deformation of the action is given by :
Squantum −→ δs
∫
Θ
(2)
Ps
(235)
For a convenient choice of the constant const this deformation is precisely the variation of the
action (123),(124),(125) under a shift s −→ s + δs of the s parameters of the triholomor-
phic momentum-map, namely of the N=4 Fayet-Iliopoulos term. These parameters define the
complex structure of the HyperKa¨hler quotient manifold.
Summarizing, we have seen that the three parameters r = ζ3, s = ζ1 + i ζ2 of the N=4 Fayet-
Iliopoulos term are on one hand identified with the momentum-map levels in the geometrical
HyperKa¨hler quotient construction and, on the other hand, are the coupling constants of two
topological field-theories: the A-twist selects the parameters r that play the role of moduli of
the Ka¨hler structure, while the B-twist selects the s parmaeters that play the role of moduli
of the complex structure. It is an obvious programme to apply now the topological field-
theory framework to the investigation of the moduli space of interesting HyperKa¨hler quotient
manifolds like the ALE spaces [11], [4]. This is left to future publications.
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19 Tables
TABLE I
N=2 THEORY: SPIN and CHARGES before and after the TWISTS
Un− Un− A A B B
Field twisted qL qR twisted Twist Twist Twist Twist
Spin gh Spin gh Spin gh
cgauge 0 0 0 1 0 1 0 1
A+ −1 0 0 0 −1 0 1 0
A− +1 0 0 0 +1 0 −1 0
λ+ −1/2 0 1 0 0 −1 0 −1
λ− −1/2 0 −1 0 −1 1 −1 1
λ+ 1/2 1 0 0 1 1 0 −1
λ− 1/2 −1 0 0 0 −1 1 1
M 0 1 −1 0 0 2 −1 0
M∗ 0 −1 1 0 0 −2 1 0
P 0 0 0 0 0 0 0 0
X i 0 −ωi/d −ωi/d 0 −ωi/d 0 0 0
X i∗ 0 ωi/d ωi/d 0 ωi/d 0 0 0
ψi −1/2 (d− ωi)/d −ωi/d 0 −ωi/d 1 −1 −1
ψ˜i 1/2 −ωi/d (d− ωi)/d 0 1− ωi/d −1 1 −1
non
ψi
∗
1/2 (ωi − d)/d ωi/d 0 −1 + ωi/d −1 0 diag.
non
ψ˜i
∗ −1/2 ωi/d (ωi − d)/d 0 ωi/d 1 0 diag.
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TABLE II
N=4 THEORY: SPIN and CHARGES before and after the TWISTS
71
A A B B
Field Untwisted qL qR Untwisted Twist Twist Twist Twist
Spin gh Spin gh Spin gh
cgauge 0 0 0 1 0 1 0 1
A+ −1 0 0 0 −1 0 1 0
A− +1 0 0 0 +1 0 −1 0
λ+ −1/2 0 1 0 0 −1 0 −1
λ− −1/2 0 −1 0 −1 1 −1 1
λ+ 1/2 1 0 0 1 1 0 −1
λ− 1/2 −1 0 0 0 −1 1 1
µ˜+ −1/2 0 −1 0 −1 1 −1 1
µ− −1/2 0 1 0 0 −1 0 −1
µ+ 1/2 −1 0 0 0 −1 1 1
µ˜− 1/2 1 0 0 1 1 0 −1
M 0 1 −1 0 0 2 −1 0
M∗ 0 −1 1 0 0 −2 1 0
N 0 −1 −1 0 −1 0 0 0
N∗ 0 1 1 0 1 0 0 0
P 0 0 0 0 0 0 0 0
Q 0 0 0 0 0 0 0 0
ui 0 0 0 0 0 0 0 0
vi 0 0 0 0 0 0 0 0
ui∗ 0 0 0 0 0 0 0 0
vi∗ 0 0 0 0 0 0 0 0
ψi(u,v) −1/2 1 0 0 0 1 −1 −1
ψ˜i(u,v) 1/2 0 1 0 1 −1 1 −1
non
ψi
∗
(u,v) −1/2 −1 0 0 −1 −1 0 diag.
non
ψ˜i
∗
(u,v) 1/2 0 −1 0 0 1 0 diag.
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TABLE III
Field Content of Pure Topological Y.M. theory
Form− degree 0 1 2
Ghost− number
−2 φ¯
−1 c¯ , η¯ ψ¯µ χ¯µν
0 b , L Aµ , Tµ Fµν , Bµν
1 c , η ψµ χµν
2 φ
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